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Abstract

The topic of this thesis is a special family of classifiers known as Majority Vote Classifiers.
These work by producing a large number of classifications (often using a standard method
such as a tree classifier) and classifying to the class receiving the largest number of votes or
predictions. Some recent examples include Boosting (Freund and Schapire, 1996), Bagging
(Breiman, 1996a) and Error Correcting Output Coding (ECOC) (Dietterich and Bakiri,
1995) . These classifiers have shown a great deal of promise but it is not fully understood

how or why they work.

The thesis is split into two parts. In the first part we examine in detail the ECOC clas-
sifier. We show that it is in fact producing approximately unbiased probability estimates
for each class and classifying to the maximum. It is therefore a method to approximate
the Bayes Classifier. We also develop three extensions of ECOC and examine these new
classifiers. Finally a detailed empirical study is made of nine different classifiers, including

the ones mentioned above.

In the second part we examine in more generality why majority vote classifiers seem
to work so well. Many theories have been suggested for the success of these classifiers but
none provide a complete explanation. The theories tend to fall into one of two categories
which we label classical and modern. The classical theories rely on generalizations of bias
and variance ideas from regression theory. This is a very appealing concept. However, while
this area still needs to be further explored, it is clear that the nice decompositions that arise
from squared error loss do not hold for the 0-1 loss functions that are used for classification

problems. As a result bias and variance ideas do not seem to be very useful.

v



The modern theories develop explanations that are more specific to classifiers. They
work by defining a new quantity, call it M. An attempt is then made to relate a classifier’s
error rate to M. For example, a higher value of M might mean a lower error rate. In
this case one would attempt to prove that certain classifiers work to increase M and hence
reduce the error rate. The modern theories are still at an early stage and, as yet, have not
been validated by any empirical results but seem to hold the potential to unlock some of

the mystery surrounding these classifiers.
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Chapter 1

Introduction

Consider the digits in Figure 1.1 (Reprinted from Hastie and Tibshirani, 1994). These are
scanned in images of hand written zip codes from the US Postal Service Zip Code Data Set.
The US postal service wishes to design a system to read hand written zip codes on mail. In

particular they want to :
1. scan in an image of a particular hand written digit,
2. convert the image into a pixel mapping (e.g. 16 by 16),
3. and use the pixel mapping to output a digit prediction between 0 and 9.

Of the above three steps, the third presents the most difficulty and is the general area

that this thesis concerns.

1.1 Regression vs Classification

1.1.1 The Regression Problem

Suppose we observe pairs of observations (z;,y;) ¢ = 1,...,n where x € X C RP and
y € Y C R X is known as the predictor (or input) space and ) is the response (or output)
space. The aim is to use these observations to estimate the relationship between X and Y

and hence predict Y given X. Usually the relationship is denoted as follows

Y =f(X)+e
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Figure 1.1: A plot of images from the US Postal Service Zip Code Data Set

where € is a random variable with mean 0. So the problem of prediction reduces to one
of estimating f based ounly on observing X and Y. This setting is known as a regression
problem and is one of the most common and useful applications of statistics. There is a vast

statistical literature in this area and for many situations the problem is essentially solved.

1.1.2 The Classification Problem

Now suppose we have an almost identical setup to that in Section 1.1.1. We again observe
pairs of observations (z;,vy;) % = 1,...,n and wish to use these observations to form a
prediction rule for Y given X. However, instead of V) C R or even assuming Y is ordinal
we now assume that Y is a categorical random variable i.e. Y has no ordering but simply
denotes a class that the observation falls into. Examples include gender (male or female),
region (North, South, East or West) or the letters of an alphabet (A,B, ... , Z). In statistics
this situation is known as a Classification Problem, however, it is also known as Pattern

Recognition in other fields.

Classification problems have an equally wide area of application to that of regression
problems yet, in statistics, they have received much less attention and are far less well un-

derstood. Indeed it would be fair to say that statisticians play a fairly small role in the
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work in this area. This is hard to understand because statistics has a lot to contribute to

these problems.

Now let us briefly return to the zip code recognition example mentioned earlier. At
first glance it is not obvious where statistics comes into this problem. However, each of
the pixels (256 in the case of our 16 by 16 example) are coded as a number (usually rang-
ing between 0 and 1) and can be treated as a predictor variable. We then have a 256
dimensional predictor space, X C R?%% and a response space containing 10 possible out-
comes, Y = {0,1,...,9}. Our aim, then, is to use a set of training data (pairs of X and
Y) to form a rule to predict Y (the digit) given X (the pixels). Such a prediction rule is
known, in statistics, as a classifier. When the example is formulated in this manner it is

clear that this is a classification problem to which we can apply all our statistical techniques.

In the next few sections we introduce some of the ideas and notation which are important

in this area of statistics.

1.2 The Bayes Classifier

Suppose that Y takes on k different outcomes or classes. The task of predicting ¥ given X
is known as a k class classification problem. We denote the conditional distribution of Y
given X by qix ie.

¢ = Pr(Y =i|X)

Note, that @* = (¢{,¢5,...,¢y) is a function of X but the superscript X notation is

dropped where there is likely to be no confusion.

Suppose that an oracle has given us q for every point X in the predictor space. What is
the best possible classifier? The answer to this question depends on what we mean by best.
A common definition of best is lowest error rate where the error rate is simply the percentage
of misclassifications i.e. the fraction of the time that the classification is different from Y.
This corresponds to a loss function which is 1 for a misclassification and 0 otherwise. Under

this loss function the answer is to use the classifier, C'(X), which minimizes the expected
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error rate.

ExP(C(X)#Y|X) = 1-ExP(C(X)=Y|X)
= 1= BEx[P(C(X) =i)g]

It is clear that
C(X) = argmax ¢;*
(A

will minimize this quantity with the expected error rate equal to ExP(C(X) # Y|X) =

1-FEx maxiin.

This classifier is known as the Bayes Classifier and the error rate it achieves is the Bayes
Error Rate. Notice that the Bayes Error Rate is only 0 if max; ¢;* = 1 for all X. So if there
is any randomness in Y given X the minimal achievable error rate will be greater than 0.
This is equivalent to a regression problem where the minimum mean squared error between
the prediction (Y) and Y is equal to Var(e) which is greater than 0 unless € is identically

equal to zero.

1.3 Some Standard Classifiers

We have shown that the Bayes Classifier is optimal in terms of achieving the minimum pos-
sible misclassification error. Unfortunately in practice we do not know q so can not produce
this classifier. However the Bayes Classifier is still useful because it gives us a gold standard
to aim for. Many classifiers attempt to approximate the Bayes Classifier by estimating q
and then classifying to the maximum estimated probability. Notice that obtaining a good

estimate of q is sufficient but not necessary to produce a good classifier.

Below we list a few examples of commonly used classifiers.

1.3.1 Tree Classifiers

Suppose all the variables in our predictor space are continuous. Then the first step for a

tree classifier is to split the training data into two parts by choosing a single variable, say
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xi, and partitioning the data into parts where z; < ¢ and x; > t. The rule to determine
both z; and ¢ is known as the splitting or partitioning rule. Next we examine these two
sets of data and again split one of them into two parts. This partitioning continues until a

stopping criterion is reached.

The procedure described above will result in a partitioning of the predictor space into
hyper rectangles. These rectangles are often known as leaves or terminal nodes. We will
refer to them as regions. We then examine the training data that falls in the same region as
the test data point. A classification is made to the class with the largest number of training
data points in this region. It is also possible to produce probability estimates by examining

the proportion of training points from each class in the region.

There are several possible criterion to use for the splitting rule. One option is to choose

the split that gives the largest reduction in deviance. The deviance of a tree is defined as
D=>"Di, Di=-2) nglogpy
i k

where n;; are the number of observations from Class & in the ith terminal node and p;; is
the probability of an observation in the sth terminal node being from Class k. The parti-

tioning ends when the reduction in error rate or deviance is below a threshold value.

It is also possible to construct regression trees when the response is continuous. There
are various procedures for pruning the tree to reduce the number of terminal nodes. This
tends to have the effect of reducing the variability at the expense of increased bias. A more

detailed discussion of trees is given in Breiman et al., 1984.

1.3.2 LDA and QDA

Let my denote the prior probabilities of the classes, and p(X|Y") the densities of distributions
of the observations for each class. Then the posterior distribution of the classes after

observing X is:
Ty p(X]Y)

p(rix) = P

X WYP(X|Y)
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We know from Section 1.2 that the best classification is to the class with maximal p(Y|X)

or equivalently to the class with maximal p(X|Y )7y

Now suppose the distribution for class Y is multivariate normal with mean py and
covariance Xy. By taking suitable transformations we see that the Bayes classification is

to the class with minimum

Qv = —2log[p(X[Y)my]
= —2logp(X|Y) —2logmy
= (X —py)Zy (X = py)" +1og Sy | — 2log my

If we use the sample mean for each class to estimate py and the sample covariance matrix
within each class to estimate Xy then we can produce an estimate for (Qy and classify to
the class with lowest estimated ()y. The difference between the (Qy for two classes is a
quadratic function of X, so this method of classification is known as Quadratic Discrimi-
nate Analysis (QDA).

Further suppose that the classes have a common covariance matrix Y. Differences in

the @)y are then linear functions of X and we can maximize —Qy /2 or
Ly = XX g — iy 37 i /2 + log Ty

This procedure is known as Linear Discriminate Analysis (LDA). For further details see
Chapter 12 of Venables and Ripley, 1994.

1.3.3 K Nearest Neighbours

K Nearest Neighbours is an extremely simple classifier. To classify a new test point one
simply finds the k closest training data points in the predictor space. One then classifies
to the class which corresponds to the largest number of these training points. For example
with 10 nearest neighbours one would find the 10 closest training points to each test point.
If 5 of these points were from Class 2, 3 from Class 1 and 2 from Class 3 you would classify

to Class 2.
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In the event of a tie either a class can be chosen at random or no classification returned.
It is common to use Euclidean distance to determine the closest training points though it
is advisable to scale variables so that one direction does not dominate the classification.
As k increases, the variability of the classification will tend to decrease at the expense of

increased bias.

Although this is a very simple classifier, in practice it tends to work well on a large
number of problems. We will use 1 nearest neighbour as a base line classifier to compare

with the other methods suggested in this thesis.

1.4 Majority Vote Classifiers

Suppose for a certain classification problem we are given three different classification rules,
h1(X), ho(X) and h3(X). Can we combine these three rules in such a way as to produce
a classifier that is superior to any of the individual rules? The answer is yes under certain

circumstances. A common way to combine these rules is to let
C(X) = mode{hi(X), ha(X), h3(X)} (1.1)

In other words, at each value of X classify to the class that receives the largest number
of classifications (or votes). This family of classifiers are known as Majority Vote Classifiers

or Majority Vote Learners (MaVLs pronounced Marvels).

As a simple example of the improvement that can be achieved using this method consider
the following situation. In this example the predictor space, X, is divided into three regions.
In the first region h; and hy classify correctly but hg is incorrect, in the second h; and hs are
correct but hg incorrect and in the last region ho and hjs are correct but h; is incorrect. If a
test point is equally likely to be in any of the three regions, each of the individual classifiers
will be incorrect one third of the time. However, the combined classifier will always give
the correct classification. Of course there is no guarantee that this will happen and it is

possible (though uncommon) for the combined classifier to produce an inferior performance.

This procedure can be extended to any number of classifiers. It is also possible to put
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more weight on certain classifiers. In general we define a majority vote classifier consisting

of votes from rules hi, hs,... ,hp as follows
B
C(X) = argmax » w;I(h;(X) = i) (1.2)
1 ]:1
where wq, ... ,wp are weights that sum to 1 and I(+) is an indicator function. If the weights

are set to 1/B this will give us the mode of hy, hs,... ,hp as in (1.1). A slightly different

version can be obtained if the individual classifiers produce probability estimates,

B
C(X) = arg m?Xijﬁij (1.3)

=1
where p;; is the probability estimate from the jth classification rule for the ith class. We
will refer to (1.2) as a Majority Vote Learner (MaVL) and (1.3) as a Semi Majority Vote
Learner (Semi MaVL). Notice that MaVLs can be thought of as a special case of Semi

MaVLs where all the probability estimates are either zero or one.

Majority Vote Classifiers are the central focus of this thesis. Over the last couple of
years several classifiers falling into this family have demonstrated an ability to produce
very accurate classification rules. As a result a lot of effort has been expended in trying
to explain their success. In this thesis we survey some of the more successful MaVLs that
have been developed as well as introducing a few new ones. We also discuss the theories

that have been proposed and give some new insights of our own.

1.5 Plug in Classification Techniques

Plug in Classification Techniques (or PICTs) are algorithms that take a standard classifier,
for example a tree classifier or LDA, and transforms it in some way to, hopefully, improve
its accuracy. MaVLs which were introduced in the previous section are examples of PICTs.
However, there are many PICTs which are not MaVLs. For example the Pairwise Coupling
procedure, first suggested by Friedman (Friedman, 1996a) and later extended by Hastie
and Tibshirani (Hastie and Tibshirani, 1996), is not a MaVL but is a PICT. Most of the

classifiers introduced in Chapter 2 are examples of PICTs.
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1.6 Summary of Chapters

In Chapter 2 we study a recently proposed classifier that is motivated by Error Correcting
Output Coding ideas. While it is a PICT it does not quite fall into the family of MaVLs or
Semi MaVLs. However, we demonstrate that it is an approximation to a classifier which we
call the Substitution PICT and that this classifier is a Semi MaVL. As well as the Substitu-
tion PICT we also introduce two new classifiers, the Regression and Centroid PICTs, as well
as two previously suggested MaVLs, Bagging and Boosting. At the end of the chapter we
provide an experimental comparison between these alternative methods on several different

data sets.

In Chapter 3 we explore theoretical explanations of MaVLs that rely on generalizations
of the concepts of bias and variance from regression theory. We call this group of ideas
Classical. Tt turns out that the best way to generalize these concepts is not obvious and
as a consequence many alternative definitions have been proposed. We provide our own
definitions as well as surveying the alternative suggestions. We give a case study where we
implement some of the classical ideas on the Substitution PICT. All the definitions for bias
and variance provide slightly different decompositions of the prediction error on any given

data set so we provide an experimental comparison on several sets of data.

It turns out that there are some severe problems with attempting to generalize bias and
variance to a 0-1 loss function. As a result Chapter 4 surveys a new class of theories which
we call Modern. These modern ideas are more specifically tailored to classification problems
and 0-1 loss functions. They involve producing bounds on the test error rate in terms of a
quantity called the Margin. Unfortunately these bounds tend not to be tight so in practice
they often work poorly. We suggest an alternative use of the margin called the Normal
Model. This seems to produce superior performance on real data. The chapter concludes

with a summary of the thesis.

In the appendix we give proofs for all the theorems contained in the thesis.



Chapter 2

Plug in Classification Techniques
(PICTsSs)

In this chapter we will introduce some standard Majority Vote Classifiers, Bagging, Boosting
and ECOC, as well as some new, Substitution, Regression and Centroid classifiers. The
new classifiers are all adaptions of ECOC. A large proportion of the chapter is devoted to
studying the ECOC PICT and its spin offs. However, Section 2.5 discusses the Bagging
and Boosting algorithms and Section 2.6 provides experimental comparisons between the

various classifiers.

2.1 The Error Correcting Output Coding Classifier (ECOC)

2.1.1 The Algorithm

Dietterich and Bakiri, 1995 suggested an algorithm, motivated by Error Correcting Output
Coding Theory, for solving a k class classification problem using binary classifiers. We will
refer to this classifier as the ECOC PICT.

10
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ECOC Algorithm

e Produce a k by B (B large) binary coding matrix, i.e. a matrix of zeros
and ones. We will denote this matrix by Z, its ¢, jth component by Z;;,
its ith row by Z; and its jth column by Z7. Table 2.1 provides an example

of a possible coding matrix for a 10 class problem.

e Use the first column of the coding matrix (Z') to create two super groups
by assigning all classes with a one in the corresponding element of Z' to
super group one and all other classes to super group zero. So for example,
when using the coding matrix on page 12, one would assign classes 0, 2, 4,

6 and 8 to super group one and the others to super group zero.
e Train a Base Classifier on the new two class problem.

e Repeat the process for each of the B columns (Z',Z?,... ,Z?) to produce

B trained classifiers.

e To a new test point apply each of the B classifiers. Each classifier will
produce p; which is the estimated probability the test point comes from the
jth super group one. This will produce a vector of probability estimates,

).

~

P= (ﬁl?ﬁ%' .- 7ﬁB

e To classify the point calculate L; = Zle |pj — Zij| for each of the k classes
(i.e. for ¢ from 1 to k). This is the L1 distance between p and Z; (the
ith row of Z). Classify to the class with lowest L1 distance or equivalently

arg min; L;

This algorithm does not specify either how to create the coding matrix or what Base
Classifier to use. These are obviously important components to the algorithm. The choice
of coding matrix is discussed in detail in Section 2.2. Dietterich found that the best results
were obtained by using a tree as the Base Classifier but in principle any binary classifier will

do. All the experiments in this thesis use a standard tree classifier as the Base Classifier.
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Table 2.1: A possible coding matrix for a 10 class problem

Note however that, unless otherwise stated, the theorems are general to any Base Classifier.

An Example of the ECOC Classification Step

As an example of how the final classification step works consider the following simplified

scenario. Here we have only 4 classes and 5 columns in the coding matrix.

Class | Z' Z? 7* 7* Z°

1 1 1 0 0 0

Z = 2 0 0 1 0
3 1 0 0 1 1

4 1 1 1 1 0

We have trained the Base Classifier on the various super groupings and for a given test

point of interest it has produced the following probability estimates.
p =1(0.3,0.2,0.8,0.9,0.1)

One then calculates the L1 distance between each row and p. For example the L1 distance
for the first row is |0.3 — 1| + (0.2 — 1| 4+ [0.8 — 0] 4-]0.9 — 0] +]0.1 — 0] = 3.3.
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If one continues this process for each class the following table is obtained.

Class 1 2 3 4
L1 Distance | 3.3 0.9 2.7 1.9

The algorithm would then classify to Class 2 because it has the lowest L1 distance.

Notice that p looks far more similar to the second row than any of the others.

2.1.2 Original (Heuristic) Motivation

Dietterich’s original motivation was roughly the following. Each row in the coding matrix
corresponds to a unique (non-minimal) coding for the appropriate class. Now we would
expect that if the correct class was in super group one then p; would be close to 1 and if
the correct class was in super group zero then p; would be close to 0. Therefore we can
think of p as an approximation to the coding for the true class. So that we want to classify
to the row or class that is closest to P in some sense. Dietterich used the L1 metric as the

distance measure.

Another way to think about this is that one would expect |p; — Z;;| to be low if 4 is the
correct class. So that L; = Z?Zl |pj — Zij| should be low if 7 is the correct class. Hence we

classify to arg min; L;.

It is possible to produce a unique coding for each class provided B > logy k. However if
B is low, so there is no redundancy in the code, a misclassification by any single classifier
(i.e. |pj — Zij| close to 1 rather than 0) could cause the final classification to be incorrect.
On the other hand if there is a redundancy built into the coding then it is possible to correct
a certain number of mistakes and still classify to the correct class. It was Dietterich’s belief
that by using a matrix with a large degree of redundancy it would be possible to produce a
classifier that made very few overall classification errors even if some of the individual Base

Classifiers were incorrect.

2.1.3 The One vs Rest PICT

A simple but commonly used method (see for example Dietterich and Bakiri, 1995 or Nilsson,
1965) for handling a multi-class problem, when one has only a binary classifier, is to do the

following.
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One vs Rest Algorithm

e Compare Class 1 to the super group made up of all the other classes and

produce a probability estimate that the test point comes from Class 1.
e Repeat this process for each of the k different classes.

e (lassify to the class with the largest probability estimate.

We will call this the One vs Rest PICT. Notice that, if one uses the identity coding
matrix for the ECOC PICT, the ECOC and One vs Rest PICTs are identical. So the One
vs Rest PICT is a special case of the ECOC PICT. In Section 2.2.1 we will use this fact to
examine the performance of the One vs Rest PICT by considering properties of the identity

coding matrix.

2.1.4 An Alternative Way of Viewing the ECOC PICT

It is possible to view the ECOC PICT as performing a change of variables. For any point
in the predictor space the ECOC algorithm will produce a B dimensional vector, p. This
vector will be contained in a B dimensional unit cube. Each row of the coding matrix,
corresponding to a vertex of the cube, will be a target point. For any given test point we
would end up with a new point in the unit cube and classify to the closest target vertex, in

L1 distance.

Figure 2.1 provides an illustration. Here we have a 3 dimensional cube. The solid circles
represent target vertices and the open circles are training data. The “x” in the bottom left
hand corner represents a test data point. Clearly this point is closest to the Class 1 vertex
so the ECOC PICT would classify to that class. This alternative, geometric, way of viewing
the procedure turns out to be useful. In particular, in Section 2.3.2, we will see that it leads

to alternative classification procedures.
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Figure 2.1: A multidimensional cube. The open circles are training points. The solid circles
represent classes. A new point will be classified to the class corresponding to the closest
vertex of the cube in L1 distance.

2.1.5 An Example

Figure 2.2 provides an illustration of the improvements in error rate that are possible by
using ECOC. The plot shows test error rates on the Letter data set (see Sections 2.2.2 and
2.6 for descriptions of the data set) vs B, the number of columns in the coding matrix. Three
classifiers are compared : the ECOC PICT, a Tree Classifier and 1 Nearest Neighbour. The
ECOC classifier used a tree classifier as the Base Classifier to maintain comparability. It
is clear from the plot that, provided B is large enough, the ECOC PICT produces large
improvements over the tree classifier. It also produces a significant reduction over 1 nearest
neighbour which is often a difficult classifier to beat. The full data from this experiment are

given in Table 2.12 in Section 2.6.2.

2.2 Understanding the ECOC PICT

It is clear from Section 2.1.5 that the ECOC PICT can produce large reductions in the
error rate. Section 2.6 as well as Dietterich and Bakiri, 1995 provide further evidence for
the success of this procedure. However little is understood, beyond the vague motivation

given in Section 2.1.2, about how the classifier works.
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Figure 2.2: Test Error Rates on the Letter Data Set using ECOC, a Tree classifier and 1
nearest neighbour.

A key component in the performance of the ECOC PICT is the choice of the coding
matrix. The coding matrix determines the arrangement of classes into super groups. One
might imagine that certain arrangements are better than others so that one matrix may
produce superior classifiers to another. In Section 2.1.1 a method for choosing the coding
matrix was not provided. In fact there are at least three possible ways to produce such a

matrix.

e Deterministic. This is the approach that has typically been used in the past. As a
result of the original motivation for the ECOC PICT , a great deal of effort has been
devoted to choosing an optimal coding matrix. In other words for any given values
of k and B it was believed that there was one optimal matrix which could be chosen

independently from the underlying data set. We call this the deterministic approach
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because the matrix is fixed. Under this approach an attempt is made to produce a
matrix with maximal Hamming distance between pairs of rows and pairs of columus.
The Hamming distance between two binary vectors is the number of elements where
the two vectors differ. The separation between rows is to allow as many errors, in
individual classifiers, to be corrected as possible. The column separation is to produce

as many different groupings as possible.

e Random. With this approach each element of the coding matrix is chosen to be zero
or one with equal probability independently of any other element. In Section 2.2.2
we examine properties of the ECOC PICT with a random matrix in some detail. We
present results which indicate that this approach will produce error rates that are

close to those of the best deterministic matrix.

e Trained. It seems reasonable to suppose that certain groupings of classes make more
sense than others and that it may be possible to learn this from the training data.
In this last approach an attempt is made to use the training data to determine good

groupings and hence a good coding matrix to use.

In the following three sections we examine the various approaches.

2.2.1 A Deterministic Coding Matrix

A simple example illustrates a disturbing flaw, with the ECOC PICT, when we use a de-
terministic coding matrix. In this example we have a 4 class problem (k = 4) and we use 3

columns in the coding matrix (B = 3).

Class | Z' Z? Z°

1 0 1

Z = 2 0 0 O
3 1 1 0

4 1 0 0

There is a redundancy in the coding because we only require 2 bits to uniquely identify
4 different classes. Now suppose at a given point in our predictor space the true distribution

of posterior probabilities is as follows:
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Class | 1 2 3 4
qi 04 0.1 0.3 0.2

It is clear that Class 1 is the Bayes Class, in as much as it has the largest posterior
probability, so that the best possible classification is to this class. Indeed this is what the
Bayes Classifier would give us. Now suppose our Base Classifier is estimating these prob-
abilities perfectly. We would hope that, in this extremely favourable situation, the ECOC
PICT would also classify to Class 1. In fact this is not the case.

If we combine this perfect classifier with the coding matrix it will produce the following

vector of probabilities for super group one.

p = (0.5,0.7,0.4)

For example p; = g3 + g4 = 0.3 + 0.2 = 0.5 because Classes 3 and 4 form super group
one for the first column. Now if we calculate the L1 distance between p and each row of Z

we get the following:

Class | 1 2 3 4
L; 1.4 16 12 1.7

This means that the ECOC PICT would choose Class 3!

It turns out that the problem is not peculiar to this particular matrix . Theorem 1 gives
very general conditions on the coding matrix under which it will always be possible to cause
the ECOC PICT to produce an incorrect classification, even when the correct super group

probabilities are used.

Bayes Consistency

Intuitively one would hope that any time you used a PICT classifier, such as ECOC, you
could guarantee a good classification provided the Base Classifier was good enough. In
other words one would like the PICT to produce the Bayes Classification whenever the
Bayes Classifier is used as the Base Classifier. A PICT with this property is said to be

Bayes Consistent.
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Definition 1 A PICT is said to be Bayes Consistent if, for any test set, it always classifies
to the Bayes Class when the Base Classifier is the Bayes Classifier.

Bayes Consistency implies a type of consistency in the PICT. Under continuity assump-
tions, it implies that, if the Base Classifier converges to the Bayes Classification rule, as for

example, the training sample size increases, then so will the PICT.

Is the ECOC PICT, with a Deterministic Coding Matrix, Bayes Consistent?

The ECOC PICT will be Bayes Cousistent iff

argmaxq; = argminl; (2.1)
13 (3

—_—— —_———
Bayes Classifier ECOC Classifier

However Lemma 1 shows that each L; can be written as a function of ¢, the posterior

probabilities, and Z;;, the individual elements of the coding matrix.

Lemma 1 If one uses a deterministic coding matriz and the Bayes Classifier as the Base

Classifier then
B

Li=>"ay (Zij— Zy)?* i=1,....k
£ j=1
It is not clear from this expression why there should be any guarantee that (2.1) will

hold. In fact Theorem 1 shows that only in very restricted circumstances will the ECOC
PICT be Bayes Consistent.

Theorem 1 The ECOC PICT is Bayes Consistent iff the Hamming distance between every

pair of rows of the coding matriz is equal.

For general B and k there is no known way to generate such a matrix. There are a
couple of special cases that do fulfill this property. One is a matrix with all 2* possible

columns, for example.

Class | Z' 2z? z7* 7* 7° 725 77 178
1 o 0o o o 1 1 1 1
2 o o 1 1 0 o0 1 1
3 o 1 o 1 0 1 0 1
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This matrix may work well but, if & is anything other than very small, computing 2¥
possible classifiers will not be computationally feasible. For example one of the data sets

used in Section 2.6 has 26 classes which would mean over 67 million possible columns!

Another matrix that fulfills this property is the identity matrix, for example.

Class | Z' Z? 73 Z*
1 1 0 0 0
Z = 2 0 1 0
3 0 0 1 0
4 0 0 0 1

In Section 2.1.3 we saw that the ECOC PICT with an identity coding matrix is equiva-
lent to the One vs Rest PICT. Therefore Theorem 1 implies that the the One vs Rest PICT
is Bayes Consistent, indicating that it is a reasonable procedure to use if the Base Classifier
is producing good probability estimates. However in practice the One vs Rest PICT tends
to perform poorly because the coding matrix has too few columns, an uneven spread of
classes and a low level of redundancy (the Hamming distance between pairs of rows is only
2). Tt is likely that the low number of columns is the largest problem with this matrix. In

Section 2.6 it is clear that the ECOC PICT performs poorly unless B >> k.

Therefore we see that for any computationally feasible and practically useful determin-

istic matrix the ECOC PICT will not be Bayes Consistent.

2.2.2 A Random Coding Matrix

We have seen in the previous section that there are potential problems with using a deter-
ministic matrix. Indeed it is not at all clear why a coding that is chosen independently from
the underlying data should be optimal for every data distribution. Intuitively it seems that
if we are going to choose the matrix independently from the training data then a random
coding may work just as well as a designed coding. By random we mean choosing each

element of the matrix as a zero or one with equal probability.

In fact, when we randomly generate the coding matrix, the ECOC PICT possesses a

number of desirable properties. In Section 1.3 it was noted that a number of classifiers work
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by estimating the posterior probabilities and then classifying to the maximum. It turns out
that, provided a random coding matrix is used, the ECOC PICT is producing unbiased

probability estimates and then classifying to the maximum of these.

Unbiased Probability Estimates

It is not obvious why this is the case. Certainly the L1 distances themselves are not unbiased
probability estimates. In general they will increase with B. Besides the ECOC PICT is
classifying to the minimum rather than maximum of these quantities. However, consider

the following transformation of L;.

2L, 1 &
Di=1- Bzzgg(l—2|ﬁj—zi-|) for i=1,...,k (2.2)

Notice that D; is simply a monotone decreasing transformation of L;. As a result
argmin L; = arg max D;
13 13

so classifying to the largest value of D; produces identical classifications to the ECOC PICT

e.g. consider the example in Section 2.1.1.

Class 1 2 3 4
L; 3.3 0.9 2.7 1.9

D; —-0.32 0.64 —-0.08 0.24

Notice that not only does Class 2 have the lowest value of L; but it also has the largest

value of D; so under either approach a classification is made to that class.

Theorem 2 shows that D; is in fact an unbiased estimate for ¢; and therefore the ECOC

PICT with a random coding matrix is performing an approximation to the Bayes Classifier.
Theorem 2 Suppose that
k

. T .
Erlp; | Z,X) =) Zijei=2"q j=1,...,B (2.3)

=1
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Then under this assumption for a randomly generated coding matriz
E’T,ZDi = q; 1= 1,... ,k

T is the training set so E7 denotes expectation over all possible training sets of a fixed
size and E7 7 denotes expectation over training sets and random matrices. Assumption 2.3
is an unbiasedness assumption. It states that on average the Base Classifier will estimate
the probability of being in super group one correctly. In the experience of the author, the
assumption seems to generally be good for non-parametric classifiers such as CART or other

tree based procedures but less realistic for highly parametric methods such as LDA.

Theorem 2 provides the first theoretical evidence for the success of the ECOC PICT.
It basicly tells us that, provided the Base Classifier is producing approximately unbiased
probability estimates and the coding matrix is random, the ECOC PICT is classifying to

the maximum among approximately unbiased probability estimates.

Limiting Properties of the ECOC PICT

Of course it is still possible for unbiased probability estimates to produce a bad classification
rule. Therefore it is of interest to study the distribution of D;. While it is not easy to

examine this directly, it is possible to characterize the limiting distribution. Let
pi=Ez(D;i | T)=Ez(1—2p1 — Zu| | T) (2.4)

Note that p; is the conditional expectation of D;. Then, conditional on 7, as B approaches
infinity, v/ B(D; — p;) will converge to a normal random variable and D; will converge to
almost surely. This also implies that the ECOC PICT will converge to a limiting classifier

consisting of classifying to arg max; p;. Theorem 3 provides a summary of these results.

Theorem 3 Suppose that arg max; p; s unique i.e. there are no ties in the us. Then for a

random coding matriz, conditional on T, the following results hold for any Base Classifier.

1.
VB(D; — i) = N(0,02) i=1,...,k
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Di—p; as. 1=1,...,k

lim argmax D; = argmaxpu; a.s.
B—o i i

Notice that Theorem 2 along with (2.4) implies that
E’T,ZDZ' = ETMZ' = q; 1= ]_, ce ,k (25)

(2.5), along with the final result of Theorem 3, mean that not only is the ECOC PICT

classifying based on unbiased probability estimates but so is its limiting classifier.

These asymptotic results hold for any Base Classifier. It is interesting to note the effect

if the Bayes Classifier is used as the Base Classifier.

Theorem 4 When the Bayes Classifier is used as the Base Classifier

Wi = qi (2.6)
By combining Theorems 3 and 4 we get Corollary 1.

Corollary 1 For a random coding matrixz the following results hold if the Bayes Classifier

is used as the Base Classifier.

1.
VB(D; —¢;) = N(0,0?) i=1,... K
2.
Di — q; @.S.
3.

lim argmax D; = argmaxgq; a.s.
B—oo [ i

The final result of Corollary 1 implies that asymptotically, as B approaches
infinity, the ECOC PICT will become Bayes Consistent, provided a random
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coding matrix is used. This provides further motivation for using a random rather than

deterministic matrix.

Rates of Convergence

The results from the previous section provide strong motivation, in the limit, for the ECOC
PICT. We know that it is converging to a Bayes Consistent classifier and that the probability
estimates are unbiased and converging to unbiased estimates (u;) of the posterior probabil-

ities. These results guarantee good theoretical properties, provided B s large enough.

What we mean by large is highly dependent on the rate of convergence. Theorem 3
shows that B(D; — ;) is converging to a normal random variable. This implies that D;
is converging to its mean at a rate of only 1/ VB. This is a fairly slow rate of convergence.
However, we are not interested in the deviation of D; from its mean. We are interested in the
deviation of the error rate of ECOC, arg max; D;, from the error rate of its limit, arg max; p;.

Theorem 5 shows that the deviation between error rates approaches zero exponentially fast.

Theorem 5 If the coding matriz is randomly chosen then, conditional on T, for any fixed
X

|ECOC error rate — Limiting error rate] < Pry(argmax D; # arg max u;|T)
1 1

< (k=1 ™B

where m = (k) — H(k—1))/8 and py is the ith order statistic.

Note that Theorem 5 does not depend on Assumption 2.3. This tells us that the error
rate for the ECOC PICT is equal to the error rate using arg max; y4; plus a term which
decreases exponentially in the limit. The result can be proved using Hoeffding’s inequality
(Hoeffding, 1963).

As a simple corollary of Theorem 5 it is possible to show that, when the Bayes Clas-
sifier is used as the Base Classifier, the ECOC error rate approaches the Bayes error rate

exponentially fast.
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B
10 50 100 200 1000
021 1 1 1 0.061
By —Hg—n 05| 11 0395 0017 0
0.9 1 0032 0 0 0

Table 2.2: Upper Bounds on the difference between ECOC and limiting classifier error rates
for various combinations of B and pi() — p(x—1) on a 10 class problem (k = 10). Note the
smallest of the 0’s is actually 10748,

Corollary 2 When the Bayes Classifier is the Base Classifier the following inequality holds

|ECOC error rate — Bayes error rate| < (k —1)e ™P

where m = (qqr) — qr—1))/8-

Corollary 2 shows that, while for any finite B the ECOC PICT will not be
Bayes Consistent, its error rate will be exponentially close to that of a Bayes

Consistent classifier.

Notice that the convergence will be fast if ) >> px—1) but will be much slower if

K(k) = H(k—1)- Table 2.2 gives the upper bounds on the difference in error rate for various

values of Hk) — H(k-1)-

Of course Theorem 5 and Corollary 2 only give upper bounds on the error rate and do
not necessarily indicate the behaviour for smaller values of B. If px) — p(x—1) is very small
it is possible that B would need to be large before the exponential convergence kicks in.

Under certain conditions a Taylor expansion indicates that to first order
Pr(arg max D; # arg max ;) ~ 0.5 — mvVB
7 7

for small values of mv/B. So one might expect that for smaller values of B the error rate
decreases as some power of B but that as B increases the change looks more and more

exponential. If m is not too small the movement through the powers should be fast but if
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Figure 2.3: Best fit curves for rates 1/v/B and 1/B

m is small this transformation may require a large value of B.

Simulation Study

To evaluate how this theory works in practice a simulation study was performed on the
Letter data set (available from the Irvine Repository of machine learning). This data set
consists of 16 predictor variables and a 26 class response variable. The response variable
consists of the letters of the English alphabet from A to Z. The predictor variables consist of
various summary statistics. For example average height, average width, variance of height
etc. For this study random matrices with differing row lengths were generated. The row
lengths were 15,26,40,70,100,200. For each row length five matrices were created for a
total of 30 matrices. 20 training sets were generated from the data by random sampling
without replacement. Then for each of the 30 matrices the average error rate was calculated
(on a separate test set of data) over the 20 training sets when the ECOC PICT was applied

to that matrix. A tree classifier produced by Splus was used as the Base Classifier.
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Figure 2.4: An alternative representation of Figure 2.3

Figure 2.3 illustrates the results. Each point is the averaged test error rate for one of
the 30 random matrices. Here we have two curves. The lower curve is the best fit of 1/v/B
to the first four groups (B = 15,26,40,70). It fits those groups well but under-predicts
errors for the last two groups. The upper curve is the best fit of 1/B to the last four groups
(B = 40,70,100,200). It fits those groups well but over-predicts errors for the first two
groups. This supports our hypothesis that the error rate is moving through the powers of
B towards an expounential fit. We can see from the figure that even for relatively low values

of B such as 100 the reduction in error rate has slowed substantially.

Figure 2.4 provides an alternative way of viewing these results. The first column shows

plots of test error vs 1/ V/B. The first plot illustrates that there is a strong linear relationship
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for the first four groups. However, the second plot, for the last four groups, does not exhibit
nearly such a linear relationship. The second column shows plots of test error rate vs 1/B.
Here the relationship is reversed. It is clear that for smaller values of B the error rate is
declining at a rate of 1/v/B but as B increases this has slowed to 1/B and we are rapidly

reaching an exponential rate of convergence.

Random vs Deterministic Matrices

The coding matrix can be viewed as a method for sampling from a finite population (1 —

2|p; — Zij|). Theorem 2 tells us that the mean of this population
pi = Ez(1=2lp1 — Zu| | T)

is an unbiased estimate for ¢;. This implies we wish to choose a coding matrix which will
produce the best possible estimate of y;. Theorem 5 as well as the simulation results from
Section 2.2.2 show that the difference between the error rate from a random matrix and
that of a perfect estimate will be exponentially small. No results have been given to indi-
cate that a designed matrix will perform better than a random one and Theorem 5 shows
that at best a designed matrix can only produce a very slight improvement. On the other
hand, unless we are very careful, a designed sampling provides no guarantee of producing
a reasonable estimate of u; or g;. Therefore there seem to be clear potential problems with

using such a matrix and little possible benefit over using a random coding.

Of course it may be possible to improve on a random sampling by using the training
data to produce the coding matrix. This would allow the training data to influence the

sampling procedure and hence estimate a different quantity.

2.2.3 Training the Coding Matrix

This is an area that has not been fully explored. Several researchers have attempted to
gain reductions in the error rate by adaptively choosing the coding matrix according to
groupings that the training data suggest are appropriate. To date these methods have met

with limited success.

One of the possible reasons for this lack of success is that there is extra variability
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introduced by using the training data to choose the coding matrix. It is possible that this

extra variability could outweigh any gains from adaptively training the coding matrix.

2.3 The Regression and Centroid PICTs

Using L1 distance between p and Z; is one possible way to transform p into a k class
classification rule. However it is certainly not the only way. In this section we present two
alternative classifiers, the Regression and Centroid PICTs. They both generate the vector
p in exactly the same manner as ECOC but use alternative methods to then produce the

overall classification.

2.3.1 The Regression PICT

The best way to motivate this procedure is by using an example. Suppose that we have the

following coding matrix

Class | Z' Z? 7* 7* Z°

1 0 1 1 0 0

Z = 2 o 0 o0 1 1
3 1 1 0 0 1

4 1 0 0 0 0

and we assume that at a fixed point in the predictor space the distribution of classes is as

follows :

Class | 1 2 3 4
qi 04 0.1 0.3 0.2

Now suppose we have a classifier, such as the Bayes Classifier, that can produce perfect
probability estimates for super group one for each of the columns. Then we will get the

following probability estimates.

Column 1 2 3 4 )
Super Group One Probability | 0.5 0.7 04 0.1 0.4

Now the question becomes : Can we use these super group probabilities to reproduce the

individual class probabilities and hence derive the k class Bayes Classifier? The answer to
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this question is yes, provided we have at least k linearly independent columuns in the coding

matrix. This is because each column forms an equation with & unknowns, ¢1,...qx i.e.

k
Pi=> Zijgu j=1,...,B (2.7)
=1

so, provided we have at least k£ independent equations, we can solve for the unknown

variables. In this example we have the following simultaneous system of equations.

3 + g = 05

q1 + g3 = 0.7
Q1 = 04
Q2 = 0.1

@ + @ = 04

By solving these equations it is possible to re derive the original k class probabilities.

Least Squares

Now of course in general the Base Classifier will not produce exactly correct probability
estimates. The most that one can hope for is a classifier that produces unbiased probability

estimates. In other words, a classifier such that

k
ﬁj:ZZijqi-i-ej j=1,...,B (28)
1=1

where E7e; = 0. Notice that Model 2.8 is linear in the unknown parameters g; so a natural
approach to estimating the probabilities would be to use least squares just as one would in

a linear regression setting. Therefore one would choose ¢; to minimize

B
R= Z(ﬁj - Z Zijqi)? = Z €& (2.9)

]:]_ =1 j:].
or in matrix terms one would like to minimize

R = (p-Z"a)"(p—-2Z"q)
= p'p-2p"72"q+q"Z22%q
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To do this one would differentiate R with respect to q and set the derivative equal to zero

to produce the least squares estimates.
OR

oq

=77'q = Zp

= —27p+2272Tq=0

=q = (ZzZ")"'Zp provided ZZ" is invertible

Therefore the Regression PICT consists of the following algorithm :

Regression Algorithm

1. Produce a vector of super group probability estimates, p, as with the
ECOC PICT.

2. Compute
a=(22")"'Zp

3. Classify to

arg max §;
2

Notice that the estimate,
q=(22")"'7p

is simply the standard least squares solution except that the transpose of the coding matrix,
ZT, takes the place of the design matrix, X. Section 2.6 details results when this classifier

is compared to ECOC as well as standard classifiers.

Theory

The Regression PICT seems to use a more justifiable procedure for combining the two class
probabilities to produce a k class classification rule. Theorem 6 shows that it possesses a

large theoretical advantage over the ECOC PICT.

Theorem 6 The Regression PICT is Bayes Consistent for any coding matriz, provided

ZZ" is invertible. In other words if the Base Classifier is producing perfect two class
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probability estimates the Regression PICT will produce perfect k class probability estimates.

In contrast Theorem 1 tells us that the ECOC PICT will only be Bayes Consistent for

a limited number of matrices.

Ridging

There is a serious practical limitation with the Regression PICT. The probability estimates
can be highly variable when there are a small number of columns, B, relative to the number
of classes, k. In fact if B < k then it is not possible to produce a unique estimate for
¢;- This is analogous to the situation in least squares regression where the number of data

points is small compared to the number of predictor variables.

A common solution to this problem in regression is to use ridged least squares. This
involves using an extra term which penalizes large parameter estimates. It works by finding

estimates for § which minimize :

n

R=Y"(Yi=>_ XyB)  +A)_ B
= j j

7

In the classification setting this is equivalent to minimizing

R = p-Z"q)"(p-Z2"q) + \d"q
= p'p-2p"Z"q+q"' (N +2Z")q

By differentiating with respect to q, as in the ordinary least squares case, one gets the

penalized least squares solution
q=W\+2z25"'zp (2.10)

This reduces variance in the probability estimates at the expense of introducing bias.
Of course in the classification setting ones only concern is the argument of the maximum
probability estimate so bias is far less of a concern. A systematic bias in all the estimates
will not change the argument of the maximum! Therefore ridging the Regression PICT

could produce significant improvements.
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The Ridged Regression algorithm can be expressed as follows :

Ridged Regression Algorithm

1. Produce a vector of super group probability estimates, p, as with the
ECOC PICT.

2. Compute
a=W\+22""17p

3. Classify to

arg max g;
7

To date preliminary results have been extremely promising with some large reductions
in error rate achieved. However, further study is required. For example a procedure for

choosing A\ needs to be devised.

2.3.2 The Centroid PICT

In Section 2.1.4 we saw that it is possible to view the ECOC PICT as a procedure for
projecting points into a B dimensional hypercube and then classifying to the class corre-

sponding to the nearest target vertex.

Figure 2.5 illustrates a potential problem with the ECOC PICT that becomes apparent
when this geometric view is used. Here we have the same situation as with Figure 2.1 ex-
cept that now the training points associated with Class 3 have been systematically shifted
towards those of Class 2. This may seem strange but in fact there is no guarantee that the
transformed variables for a class need to be close to the vertex for that class. For example
one of the Base Classifiers could be giving biased probability estimates. Never the less there
is a clear separation between clusters of points so it should still be possible to form a good

classification rule.

Unfortunately the ECOC PICT will not exploit this separation and will classify most
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Centroid Decision Boundary

——FECOC Decision Boundary

Figure 2.5: A multidimensional cube. The open circles are training points. The solid circles
represent class centroids. A new point will be classified to the class corresponding to the
closest vertex of the cube in L1 distance.

points from Class 3 to Class 2. This is because it will classify to the closest target vertex
so the decision boundary will cut through the middle of the cube as indicated in the figure.
Since most points in Class 3 seem to fall to the left of this boundary they will be classified

as 2’s.

It seems that a better target to aim for may be the center of the training data rather
than an arbitrary point such as a vertex. This is the motivation behind the Centroid PICT.
It performs a change of variables just as with the ECOC PICT but classifies to the closest
training data centroid, in L2 distance. In other words it allows the data to determine the
representation coding for each class. In Figure 2.5 the solid circles represent the training
data centroids. The Centroid PICT will classify to the closest of these points. In this
example there is a large change in the boundary between Classes 2 and 3 and the Class 3

points are now correctly classified.
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Centroid Algorithm

1. For each training data point, produce a vector of super group probability
estimates, p, as with the ECOC PICT.

2. For each class calculate the class centroid by taking the mean or median

for all training data from that class. Call these centroids :

Ci,C2...,Ck

3. Classify to

arg min| b — ¢l

Section 2.6 details results when this classifier is compared to ECOC as well as standard

classifiers.

2.4 The Substitution PICT

While the ECOC classifier has a similar feel to a Majority Vote Classifier, it is not possible
to formulate it as specified in either (1.2) or (1.3). However, in this section we introduce a
Semi MaVL which we call the Substitution PICT. It is possible to show that, under certain
conditions, the ECOC and Substitution PICTs are asymptotically (in B) identical and that
in this sense the ECOC classifier is asymptotically a MaVL.

2.4.1 The Substitution PICT Algorithm

The Substitution PICT algorithm is as follows :
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Substitution Algorithm

e Produce a random binary coding matrix as with the ECOC PICT.

e Use the first column of the coding matrix (Z') to create two super groups
by assigning all classes with a one in the corresponding element of Z' to

super group one and all other classes to super group zero.

e Train a tree classifier on the new two class problem and repeat the pro-
cess for each of the B columns. Each tree will form a partitioning of the

predictor space.

e Now retain the partitioning of the predictor space that each tree has pro-
duced. Feed back into the trees the original k class training data. Use the
training data to form probability estimates, just as one would do for any
tree classifier. The only difference here is the rule that has been used to

create the partitioning.

e To a new test point apply each of the B classifiers. The jth classifier
will produce a k class probability estimate, p;;, which is the estimated

probability the test point comes from the ith class.

e To classify the point calculate
1 B
S
P=5 leij (2.11)
=

and classify to arg max; pf

In summary, the Substitution PICT uses the coding matrix to form many different par-
titionings of the predictor space. Then, for each partitioning, it forms k class probability
estimates by examining the proportions of each class, among the training data, that fall in
the same region as the test point. The probability estimates are then combined by averag-
ing over all the trees for each class. The final classification is to the maximum probability

estimate.
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2.4.2 Asymptotic Equivalence of ECOC and Substitution PICTs

Theorem 7 shows that under certain conditions the ECOC PICT can be thought of as an
approximation to the Substitution PICT.

Theorem 7 Suppose that p;; is independent from ZJ (the jth column of Z), for all i and
J. In other words the distribution of p;; conditional on ZJ is identical to the unconditional

distribution. Then
Ez[p] | T] = Ez[D; | T] =

Therefore as B approaches infinity the ECOC PICT and Substitution PICT will converge

for any given training set; i.e. they will give identical classification rules.

The theorem basicly states that under suitable conditions both pf and D; are unbiased

estimates of p; and both will converge to p; almost surely.

It is unlikely the assumption of independence is realistic. However, empirically it is well
known that trees are unstable and a small change in the training data can cause a large
change in the structure of the tree so it may be reasonable to suppose that the correlation

between p;; and 77 is low.

To test this empirically we ran the ECOC and Substitution PICTs on a simulated data
set. The data set was composed of 26 classes. Each class was distributed as a bivariate nor-
mal with identity covariance matrix and means uniformly distributed in the range [—5, 5]2.
Each training data set consisted of 10 observations from each class. Figure 2.6 shows a plot
of the estimated probabilities, for each method, for each of the 26 classes and 1040 test data
points averaged over 10 training data sets. The probability estimates are calculated based
on a matrix with 100 columns (i.e. B = 100). Ouly points where the true posterior proba-
bility is greater than 0.01 have been plotted since classes with insignificant probabilities are
unlikely to affect the classification. If the two methods were producing identical estimates
we would expect the data points to lie on the dotted 45 degree line. Clearly this is not the
case. The Substitution PICT is systematically shrinking the probability estimates. However

there is a very clear linear relationship (R? =~ 95%) and since we are only interested in the



CHAPTER 2. PLUG IN CLASSIFICATION TECHNIQUES (PICTS) 38

Substitution probabilities

x x x x x x
0.0 0.2 0.4 0.6 0.8 1.0

ECOC probabilities

Figure 2.6: Probability estimates from both the ECOC and Substitution PICTs

arg max for each test point we might expect similar classifications. This is indeed the case.

Fewer than 4% of points are correctly classified by one method but not the other.

2.4.3 The Substitution PICT for Low Values of B

The previous section provides theoretical as well as empirical motivation for the approxi-
mate equivalence of the ECOC and Substitution PICTs as B becomes large. Section 2.6
provides further illustration of this phenomenon. However, it is also apparent from the
results in that section that the Substitution PICT provides vastly superior results for low

values of B. This is fairly easy to explain.
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Both pZS and D; are averages over random variables. pf is an average over p;; and D; is

an average over D;; =1 — 2|p; — Z;;|. Now under the assumptions in Theorem 7
g j p Ji

Varf;-,z(pgq) = VarTEZ(p;q|7') + ErVary (pf|7')
1
= Vary(u) + gETVC””Z (pir|T)

1
= Varr(u) + lVarrz(pi) = Vary (ui)]

1 1
= (= pWarr(u) + zVarr z(pi)
and similarly

VG/TT,Z (D’L) = VCI,T‘TEZ (Dz |T) + ETVGTZ(Di|T)
1
= VC””T(N%’) + EETVarz(DiﬂT)

1
= Varr(w) + E[VC”“T,Z(Dﬂ) — Vary(p;)]
1

1
= (1 Vary () + zVarr,z(Di)

_E)

So we see that

_ €
Varr,z(D;) = Varr z(v]) + 3

where € = Vary (D) — Varr z(pi1)-

In general the variance of p;; is lower than that of D;; so € will be positive and the
variance of D; will be larger than that of p;. As B becomes large the difference in variance
will become negligible but for smaller values one would expect the increased variance to

cause a deterioration in the classification.

2.5 The Bagging and Boosting PICTs

Bagging and Boosting are two of the most well known and successful examples of MaVLs.
They both work by iteratively resampling the training data, producing a new classifier based
on each resampled data set and then combining all the classifiers together using a majority

vote procedure.
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2.5.1 The Bagging PICT

Breiman, 1996a suggested the Bagging PICT (Bootstrap Aggregation). The algorithm

consists of the following parts.

Bagging Algorithm

1. Resample observations from your training data set, with replacement, to

produce a Bootstrapped data set.

2. Train a Base Classifier on this bootstrapped training data. Typically a

tree classifier is used but in principle any classifier will work.

3. Repeat steps 1 and 2 B times where B is a pre chosen number. Typi-
cally convergence is obtained very fast so fewer than 50 iterations may be

required.

4. Combine all B classifiers together into a single rule by taking a majority

vote.

Breiman, 1996a provides motivation for the Bagging Algorithm. The Bagging Algorithm

can also be applied to regression as well as classification problems.

2.5.2 The Boosting PICT

Boosting can be thought of as an extension of Bagging where the resampling weights do
not remain constant but adapt to the data set. There are several different algorithms to
implement the Boosting procedure. The most common one is known as AdaBoost (Freund
and Schapire, 1996). It is possible to use AdaBoost in either a resampling or deterministic

mode. We will describe here the resampling version.
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AdaBoost Algorithm

Start with a set of n training observations

{@1,91), -5 (Tnyyn)

1. Set wy(x;) =1/nfori=1,... ,n. Let wi = (wi1(z1), - ,wi(zy)).

2. At the t th step resample observations from the training data set, with

replacement, according to the weighting induced by wy.

3. Train a Base Classifier on the resampled training data. Very simple clas-
sifiers such as a stump (two terminal node tree) classifier can be used at

this step. Call this classifier C}.

4. Let
ewt(Ct)
1 - GWt (Ct)

where ey, (Cy) = D1 wi(x;)I(Cy(xi) # yi). In other words ey, (Cy) is the

error rate on the original training data, weighted by w;. Now let

B =

zwiwi) if Ci(wi) # v
wiy1(z;) = . .
7z Brwi(@s) i Cylwi) =y
where Z; is a normalizing constant.
5. Return to Step 2 and repeat the process B times.

6. Classify to arg max; Zle o I(Cy(x) = i) where

__log(1/f)
"X log(1/5,)

The difference between the resampling and deterministic algorithms is that instead of
resampling at Step 2 we simply train the Base Classifier at Step 3 on a weighted version of

the original training data.
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2.6 Experimental Comparisons

To provide a comparison of the different classifiers mentioned in this chapter we present
experimental results on three different data sets. The first data set is simulated. It consists
of two classes and the predictor space is in two dimensions. Figure 2.7 gives an illustration
of one realization from the distribution. We used this data set to provide a comparison
between random and deterministic weights in the AdaBoost classifier (see Section 2.6.1).
The second is the Letter data set from the Irvine Repository of Machine Learning, and the
third is the Vowel data set from the same location. The Letter data set is described in
Section 2.2.2. For these experiments a test set of size 520 was used. The Vowel data set
consists of 990 observations in 10 different dimensions. There are 11 different classes. The

observations are split into a training set (528) and a test set (462).

On each of the last two data sets nine different classifiers were compared. They were
The ECOC PICT
The Substitution PICT
The Regression PICT
The Centroid PICT
Bagging
Boosting (Standard)
Boosting (Adapted)
Tree Classifier
1 Nearest Neighbour

The Adapted Boosting classifier works in the same way as standard boosting except

that instead of calculating the error rate using

ew, (Cr) = > wy(w)I(Cylw:) # i)
im1
one uses

€, (Ct) = Error rate on resampled training data

The tree and 1 nearest neighbour classifiers provide a base line comparison to the MaVLs.

Each of the first 7 classifiers uses a tree generated in Splus as the Base Classifier. See Section
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1.3.1 for a general description of tree based classifiers. Splus uses deviance as its splitting
criterion. The split producing the maximum reduction in deviance is chosen at each step
in the tree growing process. The process terminates when either a pre specified number of
terminal nodes are achieved or the number of cases in each leaf is small (by default n; < 5

in Splus).

As noted in Section 2.5.2 there are two different ways to implement the Boosting algo-
rithm, i.e. using random or deterministic weighting. Therefore, prior to a detailed com-
parison of the data sets it was desirable to determine if there was any significant difference
between the two methods. Section 2.6.1 provides results from this comparison while Sec-

tions 2.6.2 and 2.6.3 provide results from the experiments on the other two data sets.

2,1 11
1 g .2 11 1
o~ - 1
1 1
1 1 11 1 2
1 1
- 1&1 bt 22 5 1121 l1 !
1 2 2, 2, 2,
1 5 222 14
« 2 12, 5 L, 2 it
2 o 2,2 222 22 1
g 2 2 2 1
&) 2 22
P 22 32,29 2 1
<A 2 2 2 1 11
22 1 ?L
11 1% 3 .
o 1 1741 1
1 23 2 1 1 11
2 1
2 1 0 1 2
Dimension 1

Figure 2.7: A single realization from the simulated distribution used in Section 2.6.1
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B 2 10 20 40 60 80 100 120

Boosting (Det) | 42.4 31.0 289 28.1 25.7 27.1 26.3 26.5
Boosting (Rand) | 42.4 32.6 29.5 28.7 26.8 26.1 256 25.7
Tree 41.5 415 415 415 415 415 41.5 415
INN 2712 272 272 272 272 272 272 272

Table 2.3: Concentric Two Class data set test error rates averaged over 10 training sets
each of size 20 observations per class. 2 Terminal Nodes. Average standard error is 1.5%.

2.6.1 Random vs Deterministic Weightings

To perform a comparison between random and deterministic weightings we created a sim-
ulated 2 class distribution. Figure 2.7 provides an illustration. The data consists of a class
in the center with a second class around the outside. We will call this the Concentric Two
Class data set. Experiments were conducted with differing tree depths, i.e. controlling the

complexity of the Base Classifier, and different training sample sizes.

Tables 2.3, 2.4 and 2.5 provide results for training sample sizes of 20 observations per
class, with increasing degrees of tree complexity. While Tables 2.6, 2.7, 2.8 and 2.9 provide
results for training sample sizes of 100 observations per class. Each table gives error rates
for boosting with random and deterministic weighting along with a simple tree classifier

and 1 nearest neighbour.

For the smaller training sample size it appears that a random weighting provides uni-
formly better error rates than the deterministic scheme. It seems that the difference in-
creases with the tree complexity. For very simple trees (stumps) with only 2 terminal nodes
there is very little difference but with more complex trees the difference is much larger. For
the larger training sample size there is no clear trend with all four methods getting very
similar error rates. Since a deterministic weighting scheme seemed never to outperform a

random weighting, the experiments in the following sections use random weightings.
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B 2 10 20 40 60 80 100 120
Boosting (Det) | 32.4 30.1 31.7 31.8 31.7 31.8 318 32.1
Boosting (Rand) | 35.0 27.9 26.9 27.2 26.8 26.9 26.7 26.9
Tree 34.1 34.1 341 341 341 341 341 34.1

INN 25.1 25.1 25.1 25.1 25.1 25.1 25.1 25.1

Table 2.4: Concentric Two Class data set test error rates averaged over 10 training sets
each of size 20 observations per class. 5 Terminal Nodes. Average standard error is 1.2%.

B 2 10 20 40 60 80 100 120
Boosting (Det) | 41.6 37.5 36.3 373 376 37.7 377 37.7
Boosting (Rand) | 37.7 35.3 34.2 32.2 327 31.8 318 31.1
Tree 373 373 3r3 373 373 373 373 373

INN 28.4 284 284 284 284 284 284 284

Table 2.5: Concentric Two Class data set test error rates averaged over 5 training
sets each of size 20 observations per class. Default tree settings (approximately 7 terminal

nodes). Average standard error is 1.7%.

B 2 10 20 40 60 80 100 120
Boosting (Det) | 41.4 28.7 229 20.6 19.9 20.0 20.0 20.2
Boosting (Rand) | 41.6 29.1 249 21.6 20.7 19.2 19.5 20.2
Tree 41.2 412 412 412 412 41.2 412 41.2

INN 214 214 214 214 214 214 214 214

Table 2.6: Concentric Two Class data set test error rates averaged over 10 training
sets each of size 100 observations per class. 2 Terminal Nodes. Average standard error is

0.96%.
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B 2 10 20 40 60 80 100 120
Boosting (Det) | 22.3 20.2 21.7 22.3 224 223 224 224
Boosting (Rand) | 26.7 20.1 19.5 20.0 20.4 20.6 21.3 21.5
Tree 224 224 224 224 224 224 224 224

INN 219 219 219 219 219 219 219 219

Table 2.7: Concentric Two Class data set test error rates averaged over 5 training sets
each of size 100 observations per class. 5 Terminal Nodes. Average standard error is 1.2%.

B 2 10 20 40 60 80 100 120
Boosting (Det) | 20.8 21.3 21.0 21.9 221 223 221 221
Boosting (Rand) | 23.9 20.2 20.8 21.3 21.6 21.6 21.8 21.6
Tree 20.8 20.8 20.8 20.8 20.8 20.8 20.8 20.8

INN 224 224 224 224 224 224 224 224

Table 2.8: Concentric Two Class data set test error rates for 2 class data averaged
over 5 training sets each of size 100 observations per class. 10 Terminal Nodes. Average

standard error is 0.69%.

B 2 10 20 40 60 80 100 120
Boosting (Det) | 23.1 22.3 21.8 22.2 221 223 225 223
Boosting (Rand) | 25.6 22.6 22.8 22.1 225 22.8 224 223
Tree 23.0 23.0 23.0 23.0 230 23.0 23.0 230

INN 224 224 224 224 224 224 224 224

Table 2.9: Concentric Two Class data set test error rates averaged over 5 training
sets each of size 100 observations per class. 20 Terminal Nodes. Average standard error is

0.91%.
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2.6.2 Letter Data Set

Experiments were carried out on this data set using two different training sample sizes, 10
observations per class and 50 observations per class. This was an attempt to examine the
various classifiers under hard (10 per class) and easier (50 per class) training situations. We
also examined the effect of different depths in the base tree classifier that was used for each
PICT. Increasing the tree depth has the effect of producing a more highly trained classifier.
Tables 2.10, 2.12, and 2.14 summarize the results for the various combinations of training
sample size and tree depth. Tables 2.11, 2.13, and 2.15 provide the same information but
all relative to 1 nearest neighbour. So for example 1 would mean it performed as well as
nearest neighbours and 0.5 would mean it had half the error rate. Figures 2.8, 2.9 and 2.10

provide graphical representations of the error rates in Tables 2.10, 2.12, and 2.14

The ECOC, Regression, Centroid and (to a lesser extent) the Substitution PICTs pro-
duced encouraging results for all combinations of sample size and tree depth. They all
produced significantly superior results to both standard tree and nearest neighbour classi-
fiers. There was some improvement when the base tree classifier was forced to grow deeper
trees (it seems that the default settings are under-training on the data) but it was not

dramatic. They seemed to be relatively insensitive to the complexity of the Base Classifier.

On the other hand the Boosting PICTs seemed to be far more dependent on the com-
plexity of the Base Classifier. With more training data and shallower base trees the Boosting
PICTs did not perform very well. The adjusted method gave comparable error rates to that
of nearest neighbours but the standard method was far worse. However, when the base tree
classifier was forced to grow deeper trees they both improved dramatically (especially the
standard method) and gave results that were as good as any of the other classifiers. For the
harder problem, where the sample size was small, the adjusted method gave good results

but the standard method performed poorly.

Bagging performed poorly on this data set relative to the other PICTs. It was also
very dependent on the Base Classifier. It performed very poorly on the problem with large
sample size and shallow trees. As with the Boosting it improved dramatically with deeper

trees and performed satisfactorily on the harder problem with a smaller sample size.
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B 2 5 10 20 40 60 80 100 120 160 200
ECOC 89.3 643 414 296 234 208 195 19.0 186 179 17.6
Regression 100.0 100.0 100.0 100.0 28.5 22.2 203 19.0 184 18.0 17.5
Centroid 86.7 60.1 39.6 285 225 20.7 19.5 192 189 183 18.1
Substitution | 484 340 270 235 21.2 20.6 20.3 20.1 20.1 19.8 19.5
Bagging 41.9 36.5 343 33.1 321 318 31.7 317 314 312 314
Boosting (St) | 48.6 413 379 372 373 36.8 378 374 372 36.7 37.1
Boosting (Ad) | 47.9 36.5 30.8 26.6 23.5 220 21.2 20.8 20.6 20.2 20.1
1NN 199 199 199 199 199 199 199 199 199 199 19.9
Tree 44.8 448 448 448 448 448 448 448 448 448 448

Table 2.10: Letter data set test error rates averaged over 20 training sets each of size 50
observations per class. Default tree settings (approximately 60 terminal nodes). Average

standard error is 0.43%.

B 2 5 10 20 40 60 80 100 120 160 200
ECOC 449 3.23 208 149 1.18 1.04 098 0.96 0.93 090 0.89
Regression 5.03 5.03 5.03 503 143 1.12 1.02 096 093 090 0.88
Centroid 436 3.02 199 144 1.13 1.04 098 097 095 092 091
Substitution | 2.43 1.71 1.36 1.18 1.07 1.04 1.02 1.01 1.01 0.99 0.98
Bagging 210 1.8 172 166 1.61 160 1.60 1.59 158 1.57 1.58
Boosting (St) | 2.44 2.08 1.90 1.87 1.87 1.85 1.90 1.88 1.87 1.84 1.87
Boosting (Ad) | 2.41 1.83 155 1.3¢ 1.18 1.11 1.06 1.04 1.03 1.02 1.01
Tree 225 225 225 225 225 225 225 225 225 225 225

Table 2.11: Letter data set test error rates relative to 1NN averaged over 20 training
sets each of size 50 observations per class. Default tree settings (approximately 60 terminal
nodes). Average standard error is 0.022.
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B 2 ) 10 20 40 60 80 100 120 160 200
ECOC 89.7 652 41.8 29.2 229 202 196 185 18.1 174 17.2
Regression 100.0 100.0 100.0 100.0 2v.5 22.0 195 19.0 18.0 17.2 17.1
Centroid 87.0 61.2 404 285 226 202 195 189 183 176 17.3
Substitution | 489 33.3 26.1 228 21.0 204 198 196 194 19.2 19.2
Bagging 36.9 306 274 260 248 241 240 240 240 238 239
Boosting (St) | 42.6 29.8 25.0 21.6 19.3 18.9 183 18.1 183 179 179
Boosting (Ad) | 43.4 322 257 21.7 19.6 184 187 182 179 17.5 17.6
INN 211 211 211 211 211 211 211 211 211 21.1 211
Tree 38.7 38.7 387 387 387 387 387 387 387 387 38.7

Table 2.12: Letter data set test error rates averaged over 10 training sets each of size 50
observations per class. The Base Classifier has been forced to grow deeper trees (approxi-
mately 160 terminal nodes). Average standard error is 0.60%.

B 2 5 10 20 40 60 80 100 120 160 200
ECOC 425 3.09 198 1.38 1.09 096 093 0.88 0.86 0.82 0.82
Regression 4.73 473 473 473 130 1.04 092 090 0.85 0.81 0.81
Centroid 412 290 191 135 1.07 095 092 090 0.87 0.83 0.82
Substitution | 2.32 1.58 1.24 1.08 0.99 097 0.94 0.93 092 091 091
Bagging 175 145 130 1.23 117 114 114 114 1.13 1.13 1.13
Boosting (St) | 2.02 1.41 1.18 1.02 091 0.89 0.87 0.85 0.86 0.85 0.85
Boosting (Ad) | 2.06 1.52 1.22 1.03 0.93 0.87 0.88 0.86 0.85 0.83 0.83
Tree 1.83 183 183 183 183 1.83 183 183 1.83 183 1.83

Table 2.13: Letter data set test error rates relative to 1NN averaged over 10 training sets
each of size 50 observations per class. The Base Classifier has been forced to grow deeper
trees (approximately 160 terminal nodes). Average standard error is 0.028.
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B 2 5 10 20 40 60 80 100 120 160 200
ECOC 91.7 785 64.0 51.7 425 393 38.1 36.8 36.2 349 343
Regression 87.3 740 609 49.0 40.7 388 37.5 36.1 357 347 34.0
Centroid 100.0 100.0 100.0 100.0 50.0 41.5 38.6 36.9 358 349 343
Substitution | 66.5 53.7 46.3 41.9 38.1 373 37.0 36.9 37.0 369 368
Bagging 58.6  50.4 455 42,7 41.0 40.7 40.1 40.1 399 40.0 39.9
Boosting (St) | 63.5 60.7 56.4 552 54.3 53.5 529 53.5 52.8 50.8 50.4
Boosting (Ad) | 66.4 54.0 46.3 41.8 38.2 37.1 36.9 36.3 36.2 36.3 36.0
Tree 58.0 58.0 58.0 580 58.0 58.0 580 58.0 58.0 58.0 58.0
INN 43.6 436 43.6 43.6 436 43.6 43.6 43.6 43.6 43.6 43.6

Table 2.14: Letter data set test error rates averaged over 20 training sets each of size 10
observations per class. Default tree settings (approximately 35 terminal nodes). Average

standard error is 0.60%.

B 2 5 10 20 40 60 80 100 120 160 200
ECOC 210 1.80 1.47 1.19 098 090 0.87 0.84 0.83 0.80 0.79
Regression 229 229 229 229 115 095 0.88 0.85 0.82 0.80 0.79
Centroid 200 170 1.40 1.12 093 0.89 0.86 0.83 0.82 0.80 0.78
Substitution | 1.52 1.23 1.06 096 0.87 0.86 0.85 0.85 0.85 0.85 0.84
Bagging 1.34 1.16 1.04 098 094 093 092 092 092 092 091
Boosting (St) | 1.46 1.39 1.29 1.27 1.25 1.23 1.21 123 1.21 1.16 1.15
Boosting (Ad) | 1.562 1.24 1.06 0.96 0.88 0.85 0.85 0.83 0.83 0.83 0.83
Tree 1.33 133 133 133 133 133 1.33 133 133 1.33 1.33

Table 2.15: Letter data set test error rates relative to 1NN averaged over 20 training
sets each of size 10 observations per class. Default tree settings (approximately 35 terminal
nodes). Average standard error is 0.014.
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Figure 2.8: A plot of the results from Table 2.10 (Letter data set with 50 observations per
class).
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Figure 2.9: A plot of the results from Table 2.12 (Letter data set with 50 observations per
class and deep trees).
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Figure 2.10: A plot of the results from Table 2.14 (Letter data set with 10 observations per
class).
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2.6.3 Vowel Data Set

This is a much more difficult data set and the various classifiers had a correspondingly
more difficult time. The results are presented in Tables 2.16 through 2.19 and Figures 2.11
and 2.12. It is clear that nearest neighbours is a very effective classifier with this data.
Of all the classifiers tested, the Substitution PICT was the only one that matched (and
in one case exceeded) the performance of 1 nearest neighbour. With the easier problem,
with 40 observations per class, nearest neighbours and the Substitution PICT were almost
identical but with the more difficult problem where there were only 20 observations per
class the Substitution PICT was noticeably better. None of the other classifiers could
match the performance of nearest neighbours. However, it should be noted that they all

gave significant improvements over using a tree classifier by itself.

2.6.4 Summary

The ECOC, Substitution, Centroid, Regression, Bagging, Boosting (St) and Boosting (Ad)
PICTs all transformed a base tree classifier in some way. For all the data sets considered
the PICTs gave large reductions in the error rate over using the tree classifier by itself.

However, no one classifier was consistently better than any other for all data sets.

For the Vowel data set the Substitution PICT was significantly better than any of the
other PICTs and marginally superior to 1 nearest neighbour. However, for the Letter data
set it was slightly worse than the Centroid and ECOC PICTs. For the Letter data set
the ECOC, Centroid and Regression PICTs performed best. This is consistent with results

from other data sets we have considered, where no one classifier uniformly dominated.

The Boosting PICTs seemed to be much more sensitive to the degree of training of
the tree classifier. The error rates for these two classifiers improved dramatically on the
Letter data set when the trees were forced to include more terminal nodes. This suggests
that Boosting may be better suited to less automated procedures where more effort can
be devoted to fine tuning the parameters. The Adapted Boosting procedure appeared to
provide a more robust classifier. This adaption to standard Boosting deserves further study.
While the Bagging PICT gave consistent improvements over the tree classifier, in general

it did not perform nearly as well as the other PICTs.
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B 2 5 10 20 40 60 80 100 120 160 200
ECOC 80.1 69.1 59.0 528 483 476 48.0 476 469 46.1 46.1
Regression 100.0 100.0 100.0 55.1 48.6 474 475 475 46.7 459 459
Centroid 784 68.1 57.6 525 48.9 478 482 476 470 46.5 46.1
Substitution | 61.7 53.2 48.6 455 43.0 43.3 43.7 435 43.0 43.1 43.1
Bagging 57.9  55.8 52.7 524 53.1 527 524 519 523 52.6 525
Boosting (Ad) | 65.3 55.5 54.5 51.9 50.9 50.0 49.8 50.0 49.4 49.5 49.1
INN 43.3 433 433 433 433 433 433 433 433 433 433

Tree 61.5 615 61.5 615 61.5 615 615 61.5 61.5 615 61.5

Table 2.16: Vowel data set test error rates averaged over 10 training sets each of size 40
observations per class. Default tree settings (approximately 32 terminal nodes). Average

standard error is 0.97%.

B 2 ) 10 20 40 60 80 100 120 160 200
ECOC 1.85 160 1.36 1.22 1.12 1.10 1.11 1.10 1.08 1.07 1.07
Regression 231 231 231 127 1.12 110 1.10 1.10 1.08 1.06 1.06
Centroid 181 157 133 1.21 1.13 1.10 1.11 1.10 1.09 1.07 1.07
Substitution | 1.43 1.23 1.12 1.05 0.99 1.00 1.01 1.00 0.99 1.00 1.00
Bagging 134 129 122 121 123 122 121 120 1.21 122 121
Boosting (Ad) | 1.51 1.28 1.26 1.20 1.18 1.16 1.15 1.16 1.14 1.14 1.14
Tree 142 142 1.42 142 142 142 142 142 142 142 142

Table 2.17: Vowel data set test error rates relative to INN averaged over 10 training
sets each of size 40 observations per class. Default tree settings (approximately 32 terminal
nodes). Average standard error is 0.022.




CHAPTER 2. PLUG IN CLASSIFICATION TECHNIQUES (PICTS) 56
B 2 5 10 20 40 60 80 100 120 160 200
ECOC 85.0 759 69.7 585 55,1 53.0 528 51.0 50.5 50.6 51.0
Regression 100.0 100.0 100.0 584 55.5 53.0 525 521 51.5 50.5 50.0
Centroid 80.9 755 66.8 56.3 54.5 952.6 53.0 52.5 50.5 5L9 517
Substitution | 68.5 57.4  52.7 47.6 449 454 46.6 457 45.1 45.0 45.4
Bagging 59.4 57.6 55.6 55.0 557 56.6 56.5 56.5 55.6 56.3 55.5
Boosting (Ad) | 67.0 589 57.6 56.2 54.0 542 53.8 555 55.1 555 55.3
Boosting (St) | 63.2  56.6 555 55.2 56.0 55.4 55.0 54.6 54.5 545 54.1
Tree 61.2 61.2 61.2 61.2 61.2 61.2 61.2 61.2 61.2 61.2 61.2
INN 475 475 475 475 475 475 475 475 475 475 475

Table 2.18: Vowel data set test error rates averaged over 5 training sets each of size 20
observations per class. Default tree settings (approximately 25 terminal nodes). Average
standard error is 1.4%.

B 2 ) 10 20 40 60 80 100 120 160 200
ECOC 179 160 1.47 123 116 1.12 1.11 1.07 1.07 1.07 1.07
Regression 211 211 211 123 1.17 112 1.11 1.10 1.08 1.07 1.05
Centroid 1.70 159 1.41 1.19 1.15 1.11 1.12 1.11 1.07 1.09 1.09
Substitution | 1.44 1.21 1.11 1.00 0.95 096 098 0.96 095 0.95 0.96
Bagging 1.25 121 117 1.16 1.17 1.19 119 119 1.17 1.19 1.17
Boosting (Ad) | 1.41 1.24 121 1.18 1.14 1.14 1.13 1.17 1.16 1.17 1.16
Boosting (St) | 1.33 1.19 1.17 1.16 1.18 1.17 1.16 1.15 1.15 1.15 1.14
Tree 1.29 129 129 129 129 129 129 129 1.29 129 1.29

Table 2.19: Vowel data set test error rates relative to INN averaged over 5 training sets
each of size 20 observations per class. Default tree settings (approximately 25 terminal
nodes). Average standard error is 0.030.
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Figure 2.11: A plot of the results from Table 2.16 (Vowel data set with 40 observations per
class).
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Figure 2.12: A plot of the results from Table 2.18 (Vowel data set with 20 observations per
class).



Chapter 3

Classical Theories

In the previous chapter various examples of MaVLs were introduced. It is clear from Sec-
tion 2.6 that members of this family of classifiers can give large improvements over using a
single classifier. However, no clear theory was presented to explain why this might be the
case. In the next two chapters we develop theoretical results which provide some insight
into the success of this family. These theories generally fall into one of two categories which
we call Classical and Modern. The Classical Theories will be discussed in this chapter and

the Modern Theories in the next.

In Section 3.1 we present the basic motivation behind the classical theories. Section
3.2 develops generalizations of the concepts of bias and variance to general loss functions
and general types of random variables i.e. continuous, ordinal or categorical. Section 3.3
shows how these generalizations can be used in specific situations such as classification
problems. Section 3.4 provides a case study illustrating how classical ideas can be applied
to the Substitution PICT. Section 3.5 gives a discussion of definitions that have recently
been suggested in the literature for bias and variance and Section 3.6 provides experimental
results comparing the various definitions on simulated data. The final section discusses

some fundamental problems with the classical theories.

3.1 Extending Regression Theory to Classification Problems

The classical theories rely on a simple and appealing observation. Perhaps the fact that

Majority Vote Classifiers are combining a large number of classifiers together is somehow

99
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causing an averaging out of variance and this results in a reduction of the error rate, just

as in a regression setting.

Recall that in a regression setting it is possible to decompose the prediction error, from

using Y to estimate Y, in the following way :

E(Y —-Y)*=E(Y - EY)’ + (BY - EY)’ + E(Y — EY)? (3.1)

J

Vary bias(Y)2 Vary
(3.1) is an extremely useful decomposition. It can be used to prove many important

results about prediction error. For example if
X17X27"' 7Xn

are iid then it is easy to show that Var X, must decrease as n increases and as a consequence
of (3.1) the prediction error of X,, must also decrease. If EX = EY then one can also show
that the prediction error will approach VarY as n grows large. These results are so well
known and relatively simply proved that it is easy to forget how powerful they are. For

example they guarantee that averaging random variables is always a good thing to do.

Unfortunately, this decomposition relies on the random variable of interest being real
valued. It also makes an explicit assumption that the loss function is squared error. If one
or both of these conditions fails to hold then the decomposition is no longer valid. In a clas-
sification problem the loss function is 0-1 and the random variable of interest is categorical
so (3.1) will not hold. In fact, since the random variable is categorical, it is not even clear

how to define variance, bias or expectation in this setting.

Therefore all classical theories have two general objectives :
1. develop definitions of bias and variance for a classification problem and
2. produce a decomposition of the error rate into bias and variance components.

The term Classical comes from the fact that the theories are attempting to provide

generalizations of the classical regression ideas.
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Section 3.2 introduces general definitions for any loss function and type of random vari-

able and Section 3.3 shows how these definitions can be applied to a classification problem.

3.2 A Generalization of the Bias-Variance Decomposition

In this section we explore the concepts of variance and bias and develop a decomposition
of the prediction error into functions of the systematic and variable parts of our predictor.

In attempting this task two questions arise. Namely
e what do these quantities measure?

e and why are they useful?

3.2.1 Bias and Variance

~

In the regression setting the variance of an estimator Y is defined as E(Y — EY)2. An

equivalent definition is

~

Var(Y) = min E(Y — a)?

a

where a is non random. If we define
SY =argmin E(Y — a)?
a

then Var(ff) is a measure of the ezxpected distance, in terms of squared error loss, of the
random quantity (') from its nearest non random number (SY). We call SY the system-
atic part of Y and use the notation SY to emphasize that S is an operator acting on the

distribution of Y. In this case SY will be equal to EY.

If we use Y to estimate a parameter 6 then the bias of Y is defined as SY — 6. The bias
when using Y to predict Y, where Y and Y are independent random variables, is less well

defined. However from the decomposition,

E(Y —-Y)? = E{Y —SY) 4+ E(Y — SY)?
PE(Y,Y) = Var(Y)+ MSE(Y,SY)

where SY = arg min, E(Y — a)?, we can see that the problem of predicting Y is equivalent
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to one of estimating SY. This is because Var(Y') is independent of Y so the mean squared
error between Y and SY is the only quantity that we have control over. This motivates
a definition of (SY — 8Y)? as the squared bias and means that we can think of bias as a

measure of the distance between the systematic parts of ¥ and Y (SY and SY).

By writing Y = SY + € we see that it is possible to decompose our random variable into
systematic (SY) and random (e) parts. Both parts contribute to any error we may make
in estimation but their causes and cures can differ markedly.

3.2.2 Standard Prediction Error Decomposition

It is well known that we can decompose the expected squared error of Y from Y as follows

E(Y -Y) = Var(Y) +bias®’(Y,SY)+ Var(Y) (3.2)
N, r— ~~ -
irreducible error reducible error

so the expected loss of using Y is the sum of the variance of ¥ and Y plus the squared
distance between their systematic components. The variance of Y is beyond our control
and is thus known as the irreducible error. However the bias and variance of ¥ are functions

of our estimator and can therefore potentially be reduced.

This shows us that Var(Y) serves two purposes

1. it provides a measure of the variability of Y about SY

2. and it indicates the effect of this variance on the prediction error.

Similarly bias(f’, SY') serves two purposes

1. it provides a measure of the distance between the systematic components of Y and Y

2. and by squaring it we see the effect of this bias on the prediction error.

This double role of both bias and variance is so automatic that we often
fail to consider it. However when we extend these definitions to arbitrary loss
functions it will not, in general, be possible to define one statistic to serve both

purposes.
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3.2.3 Generalizing the Definitions

Often squared error is a very convenient loss function to use. It possesses well known
mathematical properties such as the bias/variance decomposition (3.2) that make it very
attractive to use. However there are situations where squared error is clearly not the most
appropriate loss function. This is especially true in classification problems where a loss

function like 0-1 loss seems much more realistic.

Requirements for a Reasonable Generalization

So how might we extend these concepts of variance and bias to general loss functions? There

is one obvious requirement that it seems natural for any generalization to fulfill.

O When using squared error loss our general definitions must reduce to the standard

ones.

Unfortunately [ is not a strong enough requirement to ensure a unique generalization.
This is a result of the large number of definitions for variance and bias that are equivalent

for squared error but not for other loss functions.

For example the following definitions are all equivalent for squared error.

0 Var(Y) = ming E(Y —a)? = E(Y — §Y)?
O Var(Y)= MSE(Y,SY) — bias*(Y,8Y) = E(Y — SY)? — (SY — SY)?
O Var(Y)=PE(Y,Y)—E(Y —SY)2=E(Y —Y)? - E(Y — SY)?
These lead naturally to three possible generalized definitions.
I Var(Y) = min, EL(Y ,a) = EL(Y,SY)
IL Var(Y) = EL(Y,SY) — L(SY,S8Y)
III. Var(Y) = EL(Y,Y) — EL(Y,SY)
where L is a general loss function, SY = argmin, L(Y,a) and SY = argmin, L(Y, a)

For general loss functions these last three definitions certainly need not be consistent.

This inconsistency accounts for some of the differences in the definitions that have been
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proposed. For example Tibshirani, 1996 bases his definition of variance on I while Diet-
terich and Kong, 1995 base theirs more closely on III. We will see later that both I and 111

are useful for measuring different quantities.

What other requirements should a definition of variance fulfill? We can think of Y ~
g(Fr,) where g is a function that depends on the method used to obtain Y from the
observations and Fp, is the distribution of the observations or training data (Tr). While
Y ~ Fr., where Fr, is the distribution of the test data. Often Fp,. and Fp,. are assumed the
same but in general they need not be. So we see that variance is a function of ¢ and Frp,
but is not a function of Fp.. This is desirable because it allows us to compare estimators
across different test sets (a low variance estimator for one test set will also be low variance

for a second test set). So another natural requirement is
O The variance must not be a function of the distribution of the test data, Frpe.
This requirement rules out II and III given above which in general will be a function of Fpe.
There is a similar requirement on the bias. Since bias is a measure of the distance
between the systematic components of Y and Y we require that

O The bias must be a function of Y and Y through SY and SY only (i.e. bias must be
a function of SY and SY).

General Definitions of Bias and Variance

With 0,0 and U in mind the most natural definitions of bias and variance are :

Loss Function
Squared Error General
Variance E(Y — SY)? EL(Y,SY)
SY = argming, E(Y —a)? | SY = argmin, EL(Y , a)
Bias? (SY — 8Y)? L(SY,8Y)

This definition of variance is identical to that given in Tibshirani, 1996 but my definition
of bias differs from his. My definition of bias is equivalent to that of bias? for squared error.

It should be noted that, even with the restrictions we have listed, these definitions by no
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means represent a unique generalization of the concepts of bias and variance. However, as

we will see in the next section, these statistics may not be our primary concern.

3.2.4 Bias and Variance Effect

While these definitions fulfill the stated conditions they have one major drawback. Namely
in general there is no way to decompose the error into any function of bias and variance,
as is the case for squared error loss (3.2). In fact it is possible to construct examples (see
Section 3.3.2) where the variance and bias are constant but the reducible prediction error

changes as we alter the test distribution.

Often we will be interested in the effect of bias and variance. For example it is possible
to have an estimator with high variance but for this variance to have little impact on the
error rate. It is even possible for increased variance to cause a lower error rate (see Section
3.3.1). We call the change in error caused by variance the Variance Effect (VE) and the
change in error caused by bias the Systematic Effect (SE). For squared error the variance
effect is just the variance and the systematic effect is the bias squared. However in general

this will not be the case.
Recall in the standard situation we can decompose the expected squared error as follows,

E(Y —-Y)? = Var(Y) +bias’(Y,SY)+ Var(Y)
—_—— ~ —
irreducible error reducible error

but note

Var(Y) = E(Y —SY)?
bias’(Y,SY) = (SY —S8Y)?
= E[(Y - 8Y)?— (Y — §Y)]

Var(Y) = E({ —SY)?
= E[(Y -Y)’ - (Y - SY)*
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Remember for squared error SY = EY and SY = EY. This gives the following decom-

position

ELg(Y,Y) = ELs(Y,SY) + E[Lg(Y,5Y) — Ls(Y, SY)] + E[Ls(Y,Y) — Ls(Y, SY)]

N~

PE Var(Y) bias2(Y,SY) Var(Y)

where Lg is squared error loss. Note that everything is defined in terms of prediction error

of Y with respect to Lg.

Notice that, in this formulation, bias? is simply the change in prediction error when
using SY, instead of SY, to predict Y in other words it is the change in prediction error
caused by bias. This is exactly what we have defined as the systematic effect. Similarly
Var(Y) is the change in prediction error when using Y, instead of SY, to predict Y; in
other words the change in prediction error caused by variance. This is what we have defined

as the variance effect.

This decomposition will hold for any loss function so in general we define

SE(Y,Y) = E[L(Y,SY)— L(Y,8Y)]
and VE(Y,Y) = E[LY,Y)—L(Y,SY)]

Notice that the definition of VE corresponds to III in Section 3.2.3. We now have a
decomposition of prediction error into errors caused by variability in Y (Var(Y)), bias
between Y and Y (SE(Y,Y)) and variability in Y (VE(Y,Y)).

~

EL(Y,Y) = EL(Y,SY)+ E[L(Y,SY) = L(Y,SY)] + E[L(Y,Y) — L(Y, SY)]

>

v N~

Var(Y) SE(Y,Y) VE(Y,Y)
= Var(Y)+SE(Y,Y)+VE(Y,Y) (3.3)

Now in general there is no reason for Var(Y) to equal VE(Y,Y) or for bias(Y,SY) to
equal SE(Y,Y). Often it will be the variance and bias effects that we are more interested

in rather than the variance and bias itself. One of the nice properties of squared error loss
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is that VE = Var so the variance effect, like the variance, is constant over test sets. In

general this will not be the case.

Note that due to the fact L is a loss function, Var(Y) > 0, and by the definition of SY,
SE(Y,Y) > 0. However the only restriction on VE(Y,Y) is, VE(Y,Y) > —SE(Y,Y).

Indeed we will see examples where the variance effect is negative.

3.3 Applications of the Generalizations of Bias and Variance

All calculations in the following two examples are performed at a fixed input X. We have

not included X in the notation to avoid confusion.

3.3.1 0-1 Loss

Suppose our loss function is L(a,b) = I(a # b). We will now use the notation C and SC
instead of Y and SY to emphasize the fact that this loss function is normally used in clas-
sification problems so our predictor typically takes on categorical values: C € {1,2,... ,k}

for a k class problem.

Further define

PY = Pr(Yy =i)

)

and PY = Pr(C=i)

where i runs from 1 to k. Recall that C' ~ g(Fr,), and hence PC are based on averages

over training sets. With this loss function we see

SY = argmin E(I(Y #1))
(3
_ : Y
= argmin Z p;
J#u
= argmax PiY i.e. the bayes classifier
7

and SC = argmaXPiC i.e. the mode of C
1
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We now get

VE(C,Y) = E(I(Y #C)—1I(Y # 5C))
= P(Y #0) - P(Y # 50)
= Y P'1-PF)-(1-P)
Var(C) = rriain EI(C # a)
= P(C +#80)
= 1 —max P¢
= 1-Pg
SE(C,Y) = E(I(Y #8C)—I(Y # 8Y))
= P(Y #8C) - P(Y #8Y)
= Psy — Psc
= ax PiY - ch
bias(C,SY) = I(ZSC +8Y)
Var(Y) = EI(Y #8Y)
= P(Y #8Y)
= 1—max PY

= 1_P§/C

A simple example will provide some illumination. Suppose Y has the following distri-

bution.

Y 0 1 2
Pr(Y=y) | 05]04]0.1

Now we compare two classifier random variables (at a fixed predictor X) with the

following distributions :

Pr(Ci=c¢) | 0405 0.1
Pr(C2=¢) |0.1]05]0.4
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SY =0, SC; = SCy = 1 and SE(C,Y) equals 0.1 for both classifiers. These two
classifiers have identical distributions except for a permutation of the class labels. Since
the labels have no ordering we would hope that both classifiers have the same variance. In
fact Var(Cy) = Var(Cz) =1 —0.5 = 0.5. However the effect of this variance is certainly

not the same for each classifier.

VE(CL,Y) = P(Y #£Cy) —P(Y #SC;) =059 — 0.6 = —0.01
VE(Cy,Y) = P(Y #£Cy) —P(Y #SCy) =0.71 — 0.6 = 0.11

The variance of C has actually caused the error rate to decrease while the variance of C, has
caused it to increase! This is because the variance in C is a result of more classifications
being made to 0 which is the bayes class while the variance in C5 is a result of more
classifications being made to 2 which is a very unlikely class to occur. Therefore, we see
that it does not necessarily follow that increasing the variance of C; would cause a further
reduction in VE(C1,Y) or that decreasing the variance of Co would cause a reduction in
VE(C5,Y). Friedman, 1996b noted, that for 0-1 loss functions, increasing the variance can

actually cause a reduction in the error rate as we have seen with this example.

3.3.2 Absolute Loss

Although the 0-1 loss function is of primary concern in this setting, it should be noted that
these definitions can be applied to any loss function. To illustrate this we will consider the

situation where the loss function is L(a,b) = |a — b|. What decomposition does this give?

~

EL(Y,Y) = Var(Y)+SE(Y,Y)+VE(Y,Y)
= EL(Y,SY)+ E[L(Y,SY) — L(Y, SY)]
+ E[L(Y,Y) - L(Y,SY)]
= E|Y -Y| = E|Y -SY|+E(Y -8Y|—-|Y —SY|)
+ E(Y -Y|-|Y —SY))
= E|Y —med(Y)| + E(]Y —med(Y)| — |Y — med(Y)|)
+ E(Y —=Y|—|Y —med(Y)])
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where med(Y') is the median of Y.

This gives

= E(Y =Y|—|Y —med(Y)))
Var(Y) = EL(Y,S8Y)=E|Y —med(Y)|
SE(Y,Y) = E(Y —med(Y)|—|Y —med(Y)))
bias(Y,8Y) = L(SY,8Y) = |med(Y) — med(Y)|
Var(Y)

VE(Y,Y)
)
= irreducible error = E|Y — med(Y)]

A simple example illustrates the concepts involved. Suppose Y is a random variable

with the following distribution :

Y 0 1 2
Pr(Y=vy)|a/4|1/2|(2—a)/4

We will start with ¢ = 1. Suppose our estimator is simply the constant Y = 2. Then
clearly med(Y) = 1 and med(Y) = 2 so bias(Y,SY) = 1. Note that both Var(Y) and

VE (Y, Y') are zero so the systematic effect is the only relevant quantity in this case.

~

SE(Y,Y) = E(Y —med(Y)|—|Y —med(Y)))
= E(Y -2|-[Y -1
= 1-1/2=1/2

So the SFE is not equal to the bias. We can show that SFE is not a function of the bias
by altering a. Notice that for 0 < ¢ < 2 the median of Y remains unchanged at 1. So the

bias is also constant. However,

SE(Y,Y) = E(Y —med(Y)|—|Y —med(Y))])
= GY—2IIY—1D
2—a a 1 2—a
= 2Z+1_+0 (1 : :
= a/2

So as a approaches 0 so does the SE! In other words it is possible to have an estimator
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that is systematically wrong but with an arbitrarily low reducible loss associated with it.

3.4 Case Study : The Substitution PICT

In this section we show how Classical Ideas can be used to provide insight into the success
of the Substitution PICT and hence the ECOC PICT. The Substitution PICT is described

in Section 2.4.

Recall that the probability estimates, piS , in the Substitution PICT are formed by aver-

aging over B different trees.
B
1
S _ |
b; = § zjlpm
]:

The fact that pf is an average of probability estimates suggests that a reduction in
variability, without a complementary increase in bias, may be an explanation for the success
of the Substitution PICT. This observation alone can not provide the answer, however,
because it has been clearly demonstrated (see for example Friedman, 1996b) that a reduction
in variance of the probability estimates does not necessarily correspond to a reduction in
the error rate. The quantity that we are interested in is not the individual probabilities but
arg max; p;. Now

i =argmaxp; iff p;—p; >0 Vj#i
J

So what we are really interested in are the random variables p; — p;. However, even the
variances of these variables are not enough because variance is not independent of scale.
For example by dividing all the probabilities by 2 we could reduce the variance by a factor
of 4 but the probability that p; — p; > 0 would remain unchanged. A better quantity to

consider is the coefficient of variation,

Var(p; — p;)

V=) =\ B =57

If the probability estimates are normally distributed there is a direct correspondence be-

tween CV (p; — pj) and the probability that p; —p; > 0 i.e.

Pr(pi—p; > 0) = @ (E<pz~ o)/ Var(: —pj)) — 9 (1/CV (i —py)
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Notice that for a two class problem (k = 2) this implies a lower CV will give a lower error
rate. An assumption of normality may not be too bad, but in any case we would expect
a similar relationship for any reasonable distribution. For example, if piT is the probability
estimate for the 7th class from an ordinary £ class tree classifier, we might suppose that the

Substitution PICT will have a superior performance provided
CV(p; —p§) <CV(p| —pj) (3.4)

To examine when (3.4) might hold we use the following semi-parametric model for the

probability estimates,

p; = asf(@)+osel Ee =0

pi = arf(g)+ore Ee =0

where f is an arbitrary increasing function, ag and ag are positive constants and € =
(e7,... ,e,f ) and €' = (e],... ,€el) have arbitrary but identical distributions. Recall that
gi = P(G =i | X). This model makes few assumptions about the specific form of the
probability estimates but does assume that the ratio Epis /Epf is constant and that the

error terms (€° and €’') have the same distribution.

Under this modeling assumption it can be shown that (3.4) holds iff

os or
_ < R
ag ar

(3.5)

(3.5) states that the standardized variance of the Substitution PICT is less than that
for the tree classifier. Note that (3.5) is also equivalent to the signal to noise ratio of the k

class tree classifier being less than that of the Substitution PICT.

The question remains, under what conditions will (3.5) hold? The probability estimates
from the Substitution PICT are formed from an average of B correlated random variables
(pij) so we know that og (which depends on B) will decrease to a positive limit as B

increases. Intuitively this suggests that (3.5) will hold provided

I. B is large enough (so we are close to the limit),
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11.
_ Var(p} /ar)

")/ =
Var(pir/as)
is large enough (so the standardized variance of p;; is not too large relative to that of

pl),

III. and p = Corr(pi1,pi2) is low enough (so that a large enough reduction can be achieved

by averaging).

Note that «y is the ratio of the noise to signal ratio (NSR) of the k class tree classifier to
that of a single tree from the Substitution PICT. We assume ~ is constant for all 7. In fact

we can formalize this intuition in the following theorem.

Theorem 8 Under the previously stated semi-parametric model assumptions (3.4) and
(3.5) will hold iff

p<r (p is small relative to vy) (3.6)
and
1—p .
B> po— (B is large enough) (3.7)

Further more if k = 2 (there are only two classes) then (3.6) and (3.7) are sufficient to

guarantee a reduction in the error rate.

Even in a situation where there are more than two classes it will often be the case that
at any point in the predictor space there are effectively only two possible classes to choose
between. Therefore, in practice (3.6) and (3.7) will often be sufficient to guarantee a lower

error rate.

Now there is reason to believe that in general p will be small. This is a result of the
empirical variability of tree classifiers. A small change in the training set can cause a large
change in the structure of the tree and also the final probability estimates. So by changing
the super group coding we might expect a probability estimate that is fairly unrelated to

previous estimates and hence a low correlation.
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To test the accuracy of this theory we examined the results from the simulation per-
formed in Section 2.4. We wished to estimate y and p. For this data it was clear that
f could be well approximated by a linear function so our estimates for ag and ar were
obtained using least squares. The following table summarizes our estimates for the variance

and standardizing («) terms from the simulated data set.

Classifier Var(p;) e Var(p;/a)
Substitution PICT || 0.0515 | 0.3558 0.4068
Tree Method 0.0626 | 0.8225 0.0925

The table indicates that, when we account for the shrinkage in the Substitution PICT
probability estimates (ag = 0.3558 vs ar = 0.8225), the NSR for a single tree from the
Substitution PICT is over 4 times that of an ordinary & class tree (0.4068 vs 0.0925). In
other words the estimate for v is 4 = 0.227 so the signal to noise ratio of a single tree in the
Substitution PICT is only about a quarter of that from an ordinary tree classifier. However,

the estimate for p was very low at only p = 0.125.

It is clear that p is less than ~ so provided B is large enough we expect to see an
improvement by using the Substitution PICT. From Theorem 8 we can estimate the required
size of B as R

B>~y
TP
We see from Figure 3.1 that the Substitution error rate drops below that of the tree clas-
sifier at almost exactly this point, providing some validation for the theory. Together with

Theorem 7 this result also provides further motivation for the success of the ECOC PICT.

3.5 Discussion of Recent Literature

Dietterich and Kong, 1995, Kohavi and Wolpert, 1996, Breiman, 1996b, Tibshirani, 1996,
and Friedman, 1996b have all recently written papers on the topic of bias and variance for

classification rules.

Kohavi and Wolpert

Kohavi and Wolpert, 1996 define bias and variance of a classifier in terms of the squared

error when comparing Pic to Piy. For a two class problem they define the squared bias as
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Figure 3.1: Error rates on the simulated data set for the tree method, Substitution PICT
and ECOC PICT plotted against B (on log scale)

(PY — PF)? and the variance as P (1 — PX) which are as one would expect for squared
error. As a result the Bayes Classifier will have a positive squared bias unless P} € {0, 1}.
Dietterich and Kong

The definitions of Dietterich and Kong, 1995, Breiman, 1996b, and Tibshirani, 1996 are
more similar in spirit to those in this chapter. Dietterich and Kong, 1995 define bias =
I(Pr(C#Y) >1/2) and var = Pr(C #Y) — bias. This gives the decomposition

Pr(C #Y) = var + bias
From these definitions we can note the following

e although not immediately apparent, this definition of bias coincides with ours (I(SY =

SY)) for the 2 class situation,

e for £ > 2 the two definitions are not consistent which can be seen from the fact that

for our definition of bias the Bayes Classifier will have zero bias while for Dietterich
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and Kong’s it is possible for the Bayes Classifier to have positive bias

e and the variance term will be negative whenever the bias is non zero.

Breiman

Breiman’s definitions (Breiman, 1996b) are in terms of an “aggregated” classifier which
is the equivalent of SC' for a 0-1 loss function. He defines a classifier as unbiased at X
if SY = SC and lets U be the set of all X at which C' is unbiased. He also defines the
complement of U as the bias set and denotes it by B. He then defines the bias and variance

over the entire test set as

bias(C) = Px(C #Y,X € B) — Px(SY #Y, X € B)
var(C) =Px(C#Y,X €eU) — Px(SY #Y,X €U)

This is equivalent to defining bias and variance at a fixed X as

y P(C£Y)—P(SY £Y) SY #SC
1aSs =
0 SY = SC
P(C£Y)—P(SY £Y) SY =SC
0 SY # SC

var =

This definition has the following appealing properties :

e Bias and variance are always non-negative.
e If C is deterministic then its variance is zero (hence SC has zero variance).

e The bias and variance of SY is zero.

However we note that at any fixed X the entire reducible error (total error rate minus
bayes error rate) is either assigned to variance (if C' is unbiased at X) or to bias (if C is
biased at X). Certainly it seems reasonable to assign all the reducible error to variance if C
is unbiased (if C' were unbiased and did not vary it would be equal to the bayes classifier).
However when C' is biased it does not seem reasonable to assign all reducible errors to
bias. Even when C is biased, variability can cause the error rate to increase or decrease (as

illustrated in Section 3.3.1) and this is not reflected in the definition.
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Tibshirani

Tibshirani, 1996 defines variance, bias and a prediction error decomposition for classification
rules (categorical data). Within this class of problems his definition of variance is identical
to that given in this paper. He defines a quantity AE (Aggregation Effect), which is equal
to the variance effect we have defined, and for most common loss functions his definition of

bias will be equivalent to our systematic effect. This gives a decomposition of
Pr(C#Y)=Pr(Y # SY) + Bias(C) + AE(C)

which is identical to ours. However, it should be noted that although these definitions are
generalizable to any loss function they do not easily extend beyond the class of “classifica-
tion rules” to general random variables (e.g. real valued). It is comforting that when we

restrict ourselves to this smaller class the two sets of definitions are almost identical.

Friedman, 1996b provides a good comparison of the different definitions.

3.6 Experimental Comparison of Different Definitions

To provide an experimental comparison of some of the definitions for variance and bias that

have been suggested, we performed simulations using two artificial data sets.

First Data Set

The first data set consisted of 26 classes with the distribution of each class being a standard
bivariate normal with identity covariance matrix. Many independent training sets with 10
observations per class were chosen. On each of these training sets 7 different classifiers were
trained and their classifications, on each of 1040 test points, were recorded. This allowed
P(C =1) to be estimated for each test point. Since each class followed a normal distribution
it was possible to calculate P(Y = ¢). This in turn allowed estimates for bias and variance
(under the various definitions) to be calculated for each of the classifiers. The 7 different
classifiers were LDA, ECOC, Bagging, a Tree, 1 Nearest Neighbour, 5 Nearest Neighbour
and 11 Nearest Neighbour. On the first 4 classifiers 100 training sets were used. However,

it was discovered that the estimates of bias for Nearest Neighbours were inaccurate for this
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number so 1000 training sets were used for the last 3 classifiers. Estimates for bias and
variance were made using Dietterich and Breiman’s definitions as well as those given in this

chapter. The results are shown in Table 3.1.

The first thing we notice from these results is that LDA performs exceptionally well.
This is not surprising because it can be shown that LDA is asymptotically optimal for mix-
tures of normals as we have in this case. Both Breiman’s bias estimate and the systematic
effect indicate no bias effect. This is comforting since we know that LDA has no bias on
this data set. The James estimate of bias is not zero (1.6%). This is due to the relatively
low number of training samples. It can be shown that this estimate will converge to zero
as the number of training sets increases. On the other hand Dietterich’s bias estimate is

extremely high which makes less sense.

The next point to note is that Breiman’s bias estimate is very similar to the systematic
effect and his variance estimate is similar to the variance effect. His estimate of the bias
contribution seems to be consistently below or equal to that of the systematic effect. This
slight difference between the two definitions is due to the fact that, at any given test point,

all the reducible error is attributed to either bias or variance (see Section 3.5).

On the other hand Dietterich’s definitions produce quite different estimates. They tend
to attribute almost all the error rate to bias rather than variance. This is partly due to
the fact that no allowance is made for the positive Bayes Error (23.1%). However, even
when the Bayes Error is subtracted off there are still some anomalies such as LDA having

a negative bias.

If we examine the 3 Nearest Neighbour classifiers we can get an idea of the effect on
variance and bias of increasing the number of neighbours. Notice that as the number of
neighbours increases the variance (and variance effect) decreases which is as we would ex-
pect. However the bias estimate also decreases slightly which is not what we would expect.
This happens with all the definitions. In fact the bias is not decreasing. There is a tendency
to overestimate bias if it is very low or zero. 11 Nearest Neighbours averages each of its
classifications over 11 points for each training data set so is using 11,000 data points. This

produces a good estimate for bias. However, 1 Nearest Neighbours is only using 1,000 data
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points which gives a higher estimate for bias. It is likely in both cases that the true bias is

almost zero. This is evidenced by the fact that the systematic effect is zero.

The ECOC and Bagging PICTs are both constructed by combining 100 of the tree clas-
sifiers that are shown in column 4. Notice that both methods have reduced the variance
(and variance effect) as the classical theories would predict. However, they have also re-

duced the bias (and systematic effects) which could not happen in a regression setting!

Lastly note that while in theory there need not be any relationship between bias and
systematic effect and between variance and variance effect, in practice there is a strong

relationship. So bias and variance are good predictors for the effects of these two quantities.

Second Data Set

The second data set is similar to the first except that in this one there were only 10 classes
and only 5 training data points per class were used. For this data set eight classifiers were
used. They were LDA, ECOC, Bagging, a tree classifier with 5 terminal nodes, a tree clas-
sifier with 8 terminal nodes, a tree classifier with 13 terminal nodes, 1 nearest neighbour

and 11 nearest neighbour. The results are presented in Table 3.2.

Many of the conclusions from the first data set hold for the second. LDA performs ex-
tremely well again, with a very low bias. Also Breiman’s definitions produce similar results
to those of systematic and variance effect. Notice that Dietterich’s definition can result in
a negative variance. Also note that while in theory the variance effect can be negative it is

not for any of the examples we examine.

As the number of terminal nodes in a tree increases we would expect the bias to decrease
and the variance to increase. In this example the bias (and systematic effect) do both
decrease. However, the variance (and variance effect) also both decrease. This is possible

if, by increasing the number of terminal nodes, we average over lower variance data points.
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Classifier LDA | ECOC Bagging | Tree | INN 5NN 11NN
Bias (Dietterich) 21.5 274 2771 322 277 253 241
Bias less Bayes Error | —1.6 4.3 46| 9.1 4.6 2.2 1.0
Variance (Dietterich) 3.3 1.9 20| 1.3 3.3 2.3 24
Bias (Breiman) 0.0 0.4 1.1 16| 01 0.0 0.0
Variance (Breiman) 1.7 5.9 55| 88| 7.8 45 3.4
Bias 1.6 5.2 6.1 | 85 1.6 1.2 0.9
Variance 10.5 20.6 193 | 25.1 | 24.8 18.8 16.3
Systematic Effect 0.0 0.5 1.5 2.2 0.0 0.0 0.0
Variance Effect 1.7 5.8 5.1 8.2 7.9 4.5 3.5
Bayes Error 23.1 23.1 23.1 1 231 23.1 23.1 23.1
Prediction Error 24.8 29.3 29.7 | 33.5 | 31.0 27.6 26.5

Table 3.1: Bias and variance for various definitions calculated on a simulated data set with
26 classes.

Conclusions

Dietterich’s definitions seem to assign far too high a proportion of the prediction error to
bias rather than variance. His definitions do not take into account the Bayes Error. As the
Bayes Error increases the bias will also tend to increase which does not seem sensible. His

definition of bias may work better for a two class problem.

Both Breiman’s definitions and those presented in this chapter seem to produce reason-
able estimates with Breiman’s tending to put slightly more weight on variance. However,
it is difficult to get an accurate estimate of bias when the bias is low. There is a tendency

to overestimate so a large number of training samples are required.
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Classifier LDA | ECOC Bagging | Trees; Trees Tree;s | INN 11NN
Bias (Dietterich) 12.5 24.8 20.8 73.3  41.0 28.8 | 24.5 18.3
Bias less Bayes Error | —8.0 4.3 0.3 52.8  20.5 8.3 4.0 2.2
Variance (Dietterich) | 11.4 5.2 74| -161 =28 11.7 6.1 15.3
Bias (Breiman) 0.0 0.6 0.6 17.3 2.7 0.8 0.0 0.1
Variance (Breiman) 3.3 8.8 7.2 19.3 139 11.7 | 10.1 12.9
Bias 1.3 5.5 5.0 33.0 133 5.8 1.0 1.5
Variance 12.0 21.4 19.3 43.8  30.1 26.0 | 23.7 254
Systematic Effect 0.0 0.8 0.9 17.5 3.3 1.0 0.0 0.1
Variance Effect 3.3 8.7 7.0 19.1 13.4 11.5 | 10.1 12.9
Bayes Error 20.5 20.5 20.5 20.5  20.5 20.5 | 20.5 20.5
Prediction Error 23.9 30.0 28.4 57.1 372 33.0 | 30.6 33.5

Table 3.2: Bias and variance for various definitions calculated on a simulated data set with
10 classes.

3.7 The Fundamental Problem with Classical Theories

Despite the appeal of generalizing regression ideas such as bias and variance to classification

problems, there are some fundamental problems with this line of attack.

3.7.1 Inconsistent Definitions

The first is an inconsistency in the various definitions for variance and bias. It is clear from
Section 3.5 that all of the various definitions that have been proposed in the literature are
slightly different. In Section 3.6 we saw that these differences could provide quite different

interpretations on which effect was dominating for any particular data set.

As was noted in Section 3.2.3 these differences arise from the fact that squared error loss
allows many equivalent formulations which for general loss functions certainly will not be

equivalent. In this chapter we have attempted to provide motivation for the definitions that
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have been proposed. However, it can be argued, that once squared error loss is removed

from consideration, there is no unique definition that clearly makes more sense than others.

3.7.2 Lower Variance DOES NOT Imply Lower Error Rate

It is possible that the problem of inconsistent definitions could be remedied. However, there
is a second major problem that probably can not be overcome. In general there is no known
relationship between the variance of a classifier (under any reasonable definition) and the
effect of that variance on the error rate. In Section 3.3.1 we saw that it is possible for two
different classifiers to have identical variances but for the effect of this variance to be quite

different.

Recall that the aim of Classical Theories is two fold. The first is to provide a decompo-
sition of the error rate into a function of variance and bias (for some definition of those two
quantities). This decomposition would, for example, guarantee that a reduction in variance
will cause a reduction in the error rate. The second aim is to provide results which will
guarantee that, for example, MaVLs reduce variance, by what ever definition we use, and
hence will reduce the error rate. It seems that it is possible to achieve either one of these

aims but not both!

In Section 3.2.3 we saw that it is possible to produce general definitions of bias and
variance. In Section 3.2.4 we saw that it is possible to provide a decomposition of the error
rate into systematic and variance effects. However, it is not possible to decompose the error
rate into a function of variance and bias since there is no provable relationship between the

variance and variance effect.

The fact that it is possible to construct examples where variance and variance effect move
in opposite directions led to the consideration of what we call Modern Theories, which we

examine in the next chapter.



Chapter 4

Modern Theories

In the previous chapter we explored Classical theories where the concepts of Bias and Vari-
ance are generalized to Classification Problems. This approach has the advantage of being
relatively intuitive and it has produced some interesting results. However, so far, it has
failed to generate any concrete theories and Section 3.7 suggests that this may be a result

of fundamental problems with the method.

In this chapter we explore a new set of ideas which we call Modern. These ideas are
specifically intended for classifiers rather than just attempting to generalize regression the-
ories. In Section 4.1 we detail the work of Schapire and others in defining a new quantity
which they call the Margin. Based on this quantity they have proved bounds on the test
error rate which, they claim, provides an explanation for the success of Boosting. In Section
4.2 we give an experimental study to evaluate the accuracy of the bound as an indicator of
the test error rate. Section 4.3 details an alternative method of utilizing the margin which

we call the Normal model. The final section provides a summary and conclusion.

4.1 Margins

In their paper Boosting the Margin : A new explanation for the effectiveness of voting
methods (Schapire et al., 1997), Schapire et al. introduce a quantity which they call the
Margin. Based on this quantity they prove a bound on the expected test error rate and

then use this bound to develop a theory to explain the success of Boosting.

83
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4.1.1 The Margin

The margin of a MaVL is defined, at a point z in the predictor space, as

M(z) = Weighted proportion of classifications, at z, to the correct class

— Maximum weighted proportion of classifications, at z, to any of the other classes.

For example, suppose we have a 3 class problem and, at a point in the predictor space, Class
1 is the correct class. If the MaVL takes an unweighted majority vote over 100 classifiers

and, 50 votes are to Class 1, 30 to Class 2 and 20 to Class 3, then

(2) = 22 pax(S0 20,
)= 100 100° 100

On the other hand if Class 2 were correct the margin would be —0.2 and if Class 3 were the

correct class it would be —0.3.

Notice that the margin has two characteristics.
I. It is always between —1 and 1 and

II. a correct classification, at =, will be made iff

M(z) > 0.
A large positive margin can be interpreted as a confident classification.

We refer to the margin from a randomly chosen training data point as the Training
Margin and the margin from a randomly chosen test data point as the Test Margin. The
symbol D is used to indicate that the distribution is taken over test points (new data) and
S to indicate that the distribution is over a randomly chosen training data point. So for

example
Pg(M(X) <0) = P(Training Margin < 0) = Training Error Rate

and
Pp(M(X) <0) = P(Test Margin < 0) = Expected Test Error Rate.
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4.1.2 A Bound on the Expected Test Error Rate

Based on these definitions it is possible to prove a bound on the expected test error rate in

terms of the training margin.

Theorem 9 (Schapire et al., 1997) Let D be the test distribution of interest and let S be
a sample of n elements drawn independently at random from D. Assume that the Base
Classifier used in the MaVL is finite i.e. it can only take on |H| < oo different possible
outcomes, and let & > 0. Then with probability at least 1 — § over the random choice of
training sets S the following bound exists for all 0 > 0 :

Po(M(X) <0) < Ps(M(X)<0)+0 (% (W + log(1/6)> 1/2)

Ezpected test error rate

See Schapire et al., 1997 for the proof.

This theorem tells us that with high probability the test error rate will be low, provided
there is high certainty of the classifications on most of our training data (Ps(M(X) < )
is low for moderate #) and the Base Classifier is not too complex (log |H| is not too large).
Notice that the bound is independent of B, the number of votes, and the particular form

of the Base Classifier. This bound is potentially useful for two reasons :

I. It is much easier to prove results about the training margin than it is for the expected
test error rate. In Section 4.1.3 it is shown that AdaBoost can drive Ps(M(X) < )
to 0. Therefore if a strong relationship between the training margin and the expected
test error rate can be established this would be a large step towards explaining the
success of Boosting and perhaps MaVLs in general. Theorem 9 provides a relationship
between these two quantities but we will see empirical results in Section 4.2.3 that

suggest this relationship is not all that strong in practice.

II. In general it will be possible to calculate the training margin but not the test error rate.
If a relationship between the test error rate and training margin can be established

this would allow us to predict the test error rate.

4.1.3 A Bound on the Training Margin

Schapire et al. also prove a bound on the training margin, when using AdaBoost.
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Theorem 10 (Schapire et al., 1997) Suppose the Base Classifier, when called by AdaBoost,

generates classifiers with weighted training errors €1, ... ,eg. Then for any 6, we have that

B
Ps(M(X) <0) <28 [ /el =1 — )1+
1=1

Further more, if, for all i, ¢, < 1/2 — 7y, for some 0 < v < 1/2, then the bound simplifies
to :

B
Ps(M(X) <0) < <\/(1 —29)1-0(1 + 27)1+0>

Provided 0 < v the expression inside the parentheses is less than 1 so that Ps(M(X) < 0)

will decrease to zero exponentially fast in B.

See Schapire et al., 1997 for the proof.

Together Theorems 9 and 10 provide strong motivation for the success of AdaBoost.
Theorem 9 suggests that as Pg(M (X) < 6) decreases so will the test error rate and Theorem
10 shows that AdaBoost works to drive Ps(M(X) <€) to 0.

4.1.4 Some Problems

There are at least two potential problems with the theory as it stands.

I. Theorem 9 only provides a bound on the expected test error rate in terms of the
training margin. This means that there is no guarantee that reducing Ps(M (X) < 0)

will cause a reduction in the test error rate.

II. Theorem 10 relies on the weighted training errors , ¢;, being bounded away from 1/2.
This may not be the case in practice because AdaBoost tends to concentrate on more

difficult points so the error rate may correspondingly increase.

Of these two problems the former is the potentially more serious one. In practice the error
term in the bound can be very large, often greater than 1. This means that the bound is
not even tight so, in theory, it is perfectly possible for Ps(M(X) < ) to decrease but for

the error rate to remain constant or even to increase!
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4.2 How Well Does the Margin Bound Work?

We have seen in the previous section that the bound proved in Theorem 9 implies, but
does not guarantee, a relationship between the test error rate and Ps(M(X) < 6). In this

section we present experimental results to evaluate this relationship on real data.

4.2.1 The Schapire Model

Recall that the bound proved in Theorem 9 is of the form
Expected text error rate < Pg(M(X) < 60)+ O(+)

We know that in practice the bound is not tight because O(-) is often large. However, the
implication drawn in Schapire’s paper is that even though the bound is not tight it still
“gives correct qualitative predictions for the behaviour of the test error rate”. This suggests

the following relationship between the expected test error rate and the training margin.
E(Test Error|T) = Ps(M(X) <6) + Cy (4.1)

We call this the Shapire Model. The model has two unknown parameters i.e. 8 and Cy. If the
model is correct, it states that although the bound is not tight there is a constant difference
between the test error rate and Pg(M(X) < 0) so that as Ps(M(X) < 0) decreases the test
errors will decrease at the same rate. The model implies that the objective in producing a

classifier is to minimize Pg(M (X) < 6) for some positive value of 0.

4.2.2 The Training Model

Notice that a special case of the Schapire Model is achieved by setting = 0. Since
Ps(M(X) < 0) = Training error rate
the Schapire Model reduces to :

E(Test Error|T) = Training error rate + Cp (4.2)
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We call (4.2) the Training Model. 1t is a one parameter model with Cy being the only
parameter. This is probably the simplest model you can imagine. It states that to reduce
the test error rate we want to produce a classifier with low training error rate. We can
think of this as the Null model.

If the bound in Theorem 9 does “give correct qualitative predictions for the behaviour
of the test error rate” then we would expect the Schapire Model to produce significantly
better predictions for the test error rate than using the Training Model. If this is not the

case it would cast severe doubt on the practical usefulness of this bound.

4.2.3 An Experimental Comparison

In order to evaluate the accuracy of the two models introduced in Sections 4.2.1 and 4.2.2
an experimental study was performed. For the experiment we used the AdaBoost classifier
on the Letter data set (see Section 2.2.2). From a randomly chosen training data set the test
error rate was calculated for B between 1 and 100. Likewise the margin for each training
data point was recorded for the same values of B. This allowed the training error rate to
be computed for each value of B as well as Pg(M(X) < 0) for all # and B. The aim was
to produce the best fit of each model by choosing the parameters to minimize the squared

difference between the test error rate and the model prediction over the 100 values of B.

Figure 4.1 shows a plot of the test error rate on this data set vs B. The red line is a
smoothed version of the test error to give a clearer picture of the underlying trend. Figure
4.2 shows the best fit of the Training Model to the test data (also smoothed) i.e. choosing
Cp to minimize the squared discrepancy. It is clear that there are some significant depar-
tures of this model from the truth. The model vastly over predicts the error rate for small
values of B. It then declines much faster than it should and levels out while the error rate
is still declining. As one might expect, there is some relationship between training error

and test error but it is not very strong.

Figure 4.3 is a plot of the best fit of the Shapire model to the test data (smoothed) i.e.
choosing Cy and € to minimize the squared discrepancy. Unfortunately this model seems to
possess many of the same problems as the Training Model. It is still over predicting errors

for low values of B, declining too fast and then leveling off long before the test error rate
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Figure 4.1: The actual test error rate and smoothed test error rate on the Letter data set.

does. Overall the fit looks a little better but it certainly doesn’t seem to be a significant

improvement over our null model of just using the training error.

In practice it seems that not only is the bound on the test error rate not tight, but it

does not reflect the true behaviour of the test error!

4.3 The Normal Model

We have seen in Section 4.2.3 that in practice the test bound does not seem to match the
actual behaviour of the test error rate which casts doubt on Schapire’s hypothesis. However,

the Schapire Model suggested by the bound in Theorem 9 is only one, fairly restrictive, use



CHAPTER 4. MODERN THEORIES 90

Lo
LQ |
o
o
L{)_ |
o ——— Test Error
Adusted Training Error
Ln
q: _
o
o
53
w s
Lo
(Y'J_ |
o
o
CY)_ |
o \—/\’—

0 20 40 60 80 100

Number of Iterations (B)

Figure 4.2: The test error rate and predictions from the Training Model, both smoothed.

of the training margin in predicting the test error rate. If we were to believe the Schapire
Model it would suggest that there was some critical value, §. If the margin of a training
point is below that value it will increase the test error but if it is above 6 then it will not. In
reality this seems unlikely. It seems far more likely that there is some continuous mapping

of the training margin distribution to the test error rate.

4.3.1 Developing the Normal Model

Let us more carefully examine the relationship betwee the expected test error rate and the

margin. In order to simplify the notation, suppose we have n fixed test points (z1,91),... ,
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Figure 4.3: The test error rate and predictions from the Schapire Model, both smoothed.

(Zn, gn). Then the expected test error is :
1 n
E(Test Error|T) = =Y P(Clxi) # il T)
"=

where the expectation and probability are over the randomness from the classifier. For

example Bagging is a random classifier because it bootstraps the training data. Now let
Mp(z;) = margin at z; after B iterations.

Then
Clzi) #9; it Mp(z;) <0
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So

E(Test Error|T) = %ZP(MB(:Q) <0|T)
i=1

If we knew the distribution of Mp(x;) we could, in principle, calculate the test error rate
exactly. Of course in general this is a difficult problem but it is possible to rewrite the

margin as an average of random variables.

1
Mp(xi) = B Zéj(%)
j=1
where
1 if the jth classifier classifies to the correct class
dj(zi) = { —1 if the jth classifier classifies to the most popular of the other classes

0 otherwise

For certain classifiers these random variables will be 4id, conditional on the training data.
A couple of examples are the Bagging and Substitution PICTs. In this case an application
of the Central Limit Theorem tells us that

VB(Mp(x;) — pi) = N(0, ) (4.3)

where p; = E01(z;) and «; = Var[d(z;)].

Even when the i7d assumption is not met it often seems to be the case that the margin
converges to a normal random variable. For example, experimental studies indicate that

the margin from AdaBoost also converges to a normal distribution.

When (4.3) holds we know that :

E(Test Error|T) — %; ) <\/%>

If one assumes that B is large enough, so that we are close to convergence, and «; is

approximately equal for all 4, this leads to an alternative use of the margin to predict the
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test error rate which we call the Normal Model.

1 ¢ — i
E(Test Error|T) =—)» @ < ) (4.4)
w2 \Varp

4.3.2 Relating the Training and Test Margins

Of course this model involves u; % =1,... ,n which are the means of the margins at each
of the test points and in general these will be unknown. However, it is possible to use the

margins at the training points to predict the means of the test margins.

There are many ways of doing this. For example, one might imagine that the margin
of the test point z; is related to the margin of the closest training point in the predictor
space. We will denote the closest training point to z; as y; and the distance between them
as d; = ||z; — yi||- If d; is small we would expect the training and test margins to be very
similar but if d; is comparatively large we would expect the test margin to be lower because

it has not been used to train our classifier. So we could use the following model :
pi = E[M (z;)] = M(ys) + fo — Prd;

where f; is positive. However this model does not take into account the fact that we would
expect a much larger decline in the test margin if M (y;) is close to 1 and a much smaller

decline if M (y;) is close to —1. So instead we use the following model :

B <M(37i) — M(y;)

M) +1 > = fo — prd; (4.5)

which gives the following estimate for the mean of the test margin
fii = M(yi) + Bo(1 + M(y;)) — (Br + BLM (yi))d; (4.6)

Bo and (1 are assumed constant for the entire test set and fio and fﬁ are their least squares

estimates. Thus the final form of the Normal Model is :
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Figure 4.4: The test error rate and predictions from the Normal Model, both smoothed.

1 ¢ — i
E(Test Error|T) = - ;@ <\/a/—B> (4.7

This model involves three unknown parameters, «, By and (3 as opposed to the Schapire
Model which involved estimating two unknown parameters, 6 and Cy. Just as with the
Schapire Model it is possible to optimize over these parameters to produce the best fit, in
squared error terms, to the true test data. Figure 4.4 illustrates the best fit (smoothed). It
is clear that this model is mapping the true test error with much more accuracy than either
the Training Model or the Schapire Model even though only one extra parameter has been

used.
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4.3.3 Implications of the Normal Model

If we believe that the Normal Model is correct there are some immediate implications.

Recall
1 & 7%
E(Test Error|T)=—) @ < )
n ; Va/B

Now we can examine the effect on the expected test error rate as we change the margin at

any particular test point by differentiating with respect to u;.

OE(Test Error|T) —\/Elgb [
Ops a an \/Ot/—B

= —VBe, exp(—Beyp?)

where ¢; and ¢, are positive constants.

This means that :
1. The error rate will always decrease as we increase ;.

II. Increasing p; will cause a much larger decrease in the error rate if p; is close to zero

rather than close to 1 or —1.

ITI. Increasing u;s that are close to zero and decreasing p;s that are close to 1 by the same

amount (so the average margin is unchanged) will still reduce the error rate.

This last result is interesting because it has been demonstrated empirically that while
AdaBoost works well at increasing low margins it tends to compensate by decreasing margins
that are close to one (see Schapire et al., 1997). These results would explain why that is a

good trade off to achieve in practice.

4.4 Conclusion

4.4.1 The Schapire Theories

Schapire et al.’s results proving bounds on the test error rate and also the training margin are
very interesting. They have opened up a whole new approach in the search to understand the

behaviour of MaVLs. However, they also have limitations. The largest of these limitations is
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the lack of a tight bound on the test error. This means that, in theory at least, the behaviour
of the test error rate does not need to match that suggested by the bound. In Section 4.2.3
we saw that in practice the test error rate does not seem to match the behaviour suggested
by the bound.

4.4.2 The Normal Theory

In Section 4.3 it became apparent that it is possible to use the training margin to model
the test error rate by using the Normal Model. This model seems to possess the necessary
flexibility to match the behaviour of the test error without involving too many parameters.
In Section 4.3.3 it was shown that the model also provides some explanations for the success

of AdaBoost. However, there are also problems with the Normal Model :

1. While experimental observation seems to validate the model, there is a limited amount
of theory to back it up. For many classifiers the model (4.4) will be asymptotically
correct. However, the relationship between test margins and training margins given
in (4.5) has no strong theoretical justification, even though empirically it seems to
work well. It is an open problem as to whether a relationship similar to (4.5) can be

proved. If so this would provide more theoretical motivation for the Normal Model.

II. The model implies that a decrease in

E (4.8)

P —Hi
Va/B
will cause a decrease in the test error rate. However, there is no theory to guarantee

that a MaVL will cause (4.8) to decrease. The bound proved in Theorem 10 is not
enough to guarantee that AdaBoost will reduce (4.8).

Despite these problems it seems clear that the Normal Model has potential which deserves

further exploration.

4.4.3 Other Modern Theories

The Modern theories are still at an early stage. Breiman has written a couple of papers
(Breiman, 1997 and Breiman, 1998) with a similar approach to that of Schapire’s. He de-
fines a quantity which he calls the Fdge. The edge is equivalent to the margin for a two
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class case but is slightly different for larger numbers of classes.

Breiman, 1997 also produces empirical results which seem to cast doubt on the useful-

ness, in practice, of Schapire’s theories.

4.5 Thesis Summary and Conclusion

In Chapter 2 we surveyed a number of MaVLs and PICTs. It was clear from Section 2.6
that these classifiers can often produce significant reductions in error rates. We also pro-
vided motivation for the ECOC PICT in terms of an approximation to the Bayes Classifier.
However, no explanation was given as to why this should be a good approximation or indeed
why any of these classifiers should work as well as they do. Chapters 3 and 4 are devoted

to attempting to answer this question.

In Chapter 3 an approach involving generalizations of bias and variance to classification
problems is used. This method has a great deal of intuition to statisticians and potentially
allows the use of the mountain of work that has been produced for regression problems.
Unfortunately it seems that when an attempt is made to generalize bias and variance be-
yond squared error loss most of the regression results fail to generalize. In particular there

is no clear decompostition of the prediction error into functions of bias and variance.

In Chapter 4 an alternative approach is used. Here a quantity called the margin is de-
fined and bounds on the test error rates are proved in terms of the training margin. Based
on these bounds a theory is developed to explain why AdaBoost produces reductions in er-
ror rates. Unfortunately the bounds are not tight and empirical results cast doubt on their
practical usefulness. Another use of margins is also suggested which we call the Normal
Model. This approach has the advantage that it appears to match the behaviour of the test

error rate with high accuracy. However, it has less theoretical motivation.

Both the Classical and Modern theories produce useful insights into the success of
MaVLs. However, it is our belief that, no individual approach provides a comprehensive

explanation. It is still an open question as to why these methods work so well.
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Theorems and Proofs

Lemma 1 If one uses a deterministic coding matriz and the Bayes Classifier as the Base

Classifier then
B

LizquZ(le_Zij)z izl,...,k
£ j=1
Proof
First note that
K
pi=> ay
=1

when we use the the Bayes Classifier as the Base Classifier.

Now

&
I
M=

1pj — Zij|

<.
Il
—

(Zij (1 = pj) + (1 — Zij)p;)

I
M=

<.
Il
-

I
M=

K K
(Zi-(l — Z aZij) + (1 — Zy) ZQlle)
=1

1 =1

<.
Il

Il
M=

Zij(L—qi = Y aZy) + (1 — Zi) > aiZy
i [

<.
Il
-

98



APPENDIX A. THEOREMS AND PROOFS

B
= > | Z,Q a-D> azy)+(1—2y)> az;
=1 14 1£i I£i
B
= > @) |Zij— 2% 71 + Zy)
£ =1

B

= qu Z(Zl] - Zz)2 since Zij == Zz2]

I j=1
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Theorem 1 The ECOC PaCT is Bayes Consistent iff the Hamming distance between every

pair of rows of the coding matriz is equal.
To prove this theorem we need to make use of the following Lemma.
Lemma 2 Let d = Aq. Consider the following situation
arg miin d; = arg mAx g; Yqi (A.1)

(A.1) will hold iff A is of the form

ay as+b -+ ap+b
] IR TS
ay —l— b as + b --- a'k
where b is a positive scalar and a = (a1, as, ... ,a;)’ is a vector of the diagonal elements of

A.

Proof of Lemma

First note that we can assume without loss of generality that every diagonal element of A
is zero because subtracting a; from the ith column of A simply subtracts a;g; from every

element of d and leaves (A.1) unaffected.

(=) d=Aq=1(a"q+b"q) —bq
| S ——
scalar

d; = constant — bg;

So (A.1) holds.

(<) Now suppose (A.1) holds
Consider first the situation with & = 2
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So we get

dq
do

a1292

421491

If ;2 is negative then (A.1) does not hold (eg g; = 0 and g2 = 1 will violate (A.1)). Likewise
if ay; is negative (A.1) will not hold. Also if a5 and a9 are both positive but a2 > ag;
then (A.1) does not hold (eg ¢1 = 1 and go = 1/2(1 + 32)). And similarly for a1z < as1.
Therefore (A.1) implies a19 = ag; > 0 so the lemma holds for & = 2

Next consider the situation with £ = 3

We can reduce this back to the case k = 2 by setting one of the ¢’s to zero e.g.

0 a2 ai3| |¢1

0 ai3||¢n
azr 0 ax| [0 =

azr 0 | |g3
azy azz 0 q3

and we know for & = 2 the off diagonals are equal and positive so A must be positive and

symmetric of the form

0 ap a3
a2 0 as

a1z a3z 0

However we also know that the row sums must be equal. To see this note that if not by
setting ¢; = 1 for all ¢+ we get d; not all equal. By taking the maximum d; and adding € to
g; we find that ¢; is now the maximum but d; is not the minimum! Therefore (A.1) implies

the row sums must be equal.

Hence a1 + a13 = a12 + ag3 = a13 + ags which means a2 = a13 = a3 > 0 so (A.1) holds
for k£ = 3.

We are now ready to consider the situation for general k
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First note that we can reduce any general k£ matrix to one with £ = 3 by setting all but three
of the ¢’s to zero. So for example we can reduce A to the upper 3 by 3 matrix by setting
q; = 0 for ¢ > 3. So from our previous work we know a2 = a13 = a91 = a93 = az; = aze > 0.
Now we can repeat the same process by setting ¢; = 0 and g; = 0 for ¢ > 4 this gives us the
3 by 3 matrix formed from the 2’nd, 3’rd and 4’th rows and columns. So again we know
(23 = G4 = Q33 = Q34 = G429 = a43 > 0. But a;9 = a13 = ag3 etc so we know that all
the elements in the first four rows and columns are equal and positive. By repeating this
process for all combinations of rows we can see that every element on the off diagonal must

be equal and positive.

Thus we have proved the Lemma.

Now we are ready to prove the theorem

Proof of Theorem

From the Lemma 1 we know

B

Li=Y a) (% — Zy)?

I j=1

when we use the Bayes Classifier as the Base Classifier. So

0 a2 -+ aix| |@
a1 0 -+ aok| | @
L =
lak1 ak2 -+ 0 | |4k ]

where a;; is equal to Zle(le — Zij)?
Now from Lemma 2 we know that the ECOC PICT is Bayes Cousistent iff a;; are equal
and positive for all 7,/. But note that Z;-l:l(le — Z;j)? is equal to the Hamming distance

between row ¢ and [ of the coding matrix so we are done.
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Theorem 2 Suppose that
k .
Er(p; | Z, X] :ZZijQi =Z " q j=1,...,B

=1

Then under this assumption for a randomly generated coding matriz
E’T,ZDi = q; 1= 1,... ,k

Proof

Let Dij =1- 2|ﬁ] - ZU| then

1B
D; = E ' Dij
J=1
We only need to prove Et zD;; = q;.
BrzDij = 1-2E77|p;j— Zij |

= 1-2Bz,,[BErz.(pj — Zij | | Z1j : 1 # 1))

but
Erz.(1Dj— Zij | | Zij - 1 #14)
e s ! . _
= BT 2y = 0,2 : 1 #0) + BT (L =95 | Zij =1, 215 : L # 1)
1 1
= 52 Zia+50-a-) Zya) from (A.2)
l#1 I#£i
1
= 51-a)
So

1
BrzDij =1-2(5(1 ~a)) = ai

103

(A.2)

by iid
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Theorem 3 Suppose that arg max; p; is unique i.e. there are no ties in the us. Then for a

random coding matriz, conditional on T, the following results hold for any Base Classifier.

L
VB(D; — i) = N(0,02) i=1,...,k
1.
D; = pi as i=1,....k
111
lim argmax D; = argmax p; a.s.
B—oo ) )
Proof
I. Conditional on 7, D; is an average of iid random variables with mean p; and finite

II.

III.

variance. Therefore the Central Limit Theorem gives us the result.

Conditional on 7, D; is an average of iid random variables with mean p; and finite

variance. Therefore the Strong Law of Large Numbers gives us the result.

Let A; be the set of w such that D;(w) — p;. From the previous theoem we know
P(A;)) =1. Let A= A;N---NAg. Then P(A) = 1 by basic prob theory results.
Assume WLOG that p is the unique maximum g and that p; — p; > € for all ¢ # 1.
Then for any w € A there exists By such that for all B > By |D;(w) — u;| < €/2 for

all 7 and hence arg max; D;(w) = arg max; p;. Therefore since P(A) = 1 the result is

proved.
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Theorem 4 When the Bayes Classifier is used as the Base Classifier
i = g (A.3)
Proof
To prove the above theorem we only need to prove
Ez[Dy|T] = g

when we use the Bayes Classifier as the Base Classifier. First note that when we use the

Bayes Classifier

k
Py =Y @ (A.4)
i=1
Now
EZ[Dij|ﬂ = 1-28 |ﬁ] — Zij |
= 1-2Bz_[Bz,(|pj — Zij | | Zij : 1 # 1))
but
EZ1(| ﬁj _Zij | | le 1 742)
1 D y 1 A . .o
= 5B | Zij =02y : 1) + 3F,(1 ;| Zy = 1.2 :1#0) by iid
1 1
Y Z Zijq + 5(1 —qi — Z Zijqu) from (A.4)
l#1 146
1
= 5(1 — )
So

Ez[Di|T] =1 - 2(%(1 —q)) = qi

Corollary 1 is a consequence of Theorems 3 and 4.
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Theorem 5 If the coding matriz is randomly chosen then, conditional on T, for any fixed
X

|ECOC error rate — Limiting error rate] < Pry(argmax D; # arg max u;|T)
(2 (2

< (k—1)e ™P

where m = (f(g) — pk—1))/8 and p is the ith order statistic.

Proof

|[ECOC error rate — Limiting error rate|
|Ez[I{arg mlaxDi #YHT]— Ez[I{arg max f; # YT
Ez[I{arg max D; # arg max p;}|7T]

) )

= Pry(argmax D; # arg max u;|T)
(3 (3

IN

Assume WLOG that arg max; p; = 1. Then

Pr(argmax D; # argmax ;) = 1— Pr(Dy > Dy,---,D; > D)
13 13
k — —
< Y Pr(Dy < Dy)
i=2
So we only need to show Pr(D; < D;) < e ™P fori=2,... ,k but
Pr(Dy < D;) = Pr(D; — Dy — (i — p1) > (p1 — i)
B

1
= Pr(g > (Dij = Dig) = (s = 1) > 1 = pss)
j=1
e~ Blui—pi)/8 by Hoeffding’s inequality

IN

< e—mB

where m = (u) — p(r-1))/8. The second to last line follows becuase —2 < D;; — Dy; < 2.
See Theorem 2, page 16 of Hoeffding, 1963 for further details.

Corollary 2 follows directly from Theorems 4 and 5.
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Theorem 6 The Regression PICT is Bayes Consistent for any coding matriz, provided
ZZ" is invertible. In other words if the Base Classifier is producing perfect two class

probability estimates the Regression PICT will produce perfect k class probability estimates.

Proof

First note that when we use the Bayes Classifier as the Base Classifier

The Regression PICT classifies to arg max; §; where
a=(2z")"'zp
So showing that q = q is sufficient. But
a=(22")"'22"q=q

so provided ZZ7 is invertible the Regression PICT is Bayes Consistent.
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Theorem 7 Suppose that p;; is independent from Z) (the jth column of Z), for all i and
J. In other words the distribution of p;; conditional on Z7 is identical to the unconditional

distribution. Then
Ez[p} | T) = Ez[D; | T] = pi

Therefore as B approaches infinity the ECOC PICT and Substitution PICT will converge

for any given training set; i.e. they will give identical classification rules.

Proof

Since

1B 1 B
D S
D, = — jg_l D;; and p; =— ]E_lpij

we just need to show

Ez[Dij|T] — Ezlpy|T] =0

Ez[Dij|T] = Ez[pij| T]
= Bzl =2Ip; — Zij| — pij| T]
= FEyz[1 —2(1 — proportion in same super group as ¢ for column j) — p;;|7T]
k
= Ezpi+2 ZI{Z in same super group as 7 for column j}p;; — 1|7]

1£i
k

= Ezpi|T)+2 ZEZ[I{Z in same super group as 4 for column j}p;;|7] — 1
1#i
k

= Ezpi|T)+2 ZEZ[I{Z in same super group as 4 for column j}|7T]E[p;|T] — 1
I£i

(by independence)

k
1
= Ezlpij|T]+2 E §EZ[PU|T] -1
1%

= Ez[pij|T]+ (1 — Ez[p;|T]) — 1
=0
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Theorem 8 Under the previously stated semi-parametric model assumptions (3.4) and
(3.5) will hold iff

p <7 (p is small relative to y) (A.5)
and
1—p )
B> Po— (B is large enough) (A.6)

Further more if k = 2 (there are only 2 classes) then (A.5) and (A.6) are sufficient to

guarantee a reduction in the error rate.

First we show that (A.5) and (A.6) hold iff (3.5) holds.
LB
Var(p}) = Var(5 Z;Pij)
J:

B
= %[; Var(pij) + Z Zjﬂoov(pijapil)]

%[Var(pil) + (B — 1)Cov(pi1, pi2)]

_ %Var(pil)(l + (B - 1)p)

So
o . or
ags arT
T ag? S
s Var(p; )—5 = Var(py)
ar
T ag? 1 1
e Va2 > ZVar(ph)(1+ (B - 1)p)
[0%4 B
1
S E(l‘f‘(B—l)P)
]__
B > -—_°
Y—pP
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Next we show that (3.5) holds iff (3.4) holds.

Var(p; —pj)
(E(p] —p37))?

Var(as(f (@) — fla)] + oslel — €]])
(E(aslf (@) — fla))] + osle] — €7]))?

_ ﬁ\/ Var(;9 e)
as \ (E(f(@) — f(g)))?
)

< UT\/ Varleg —¢)) (3.5) and equailty of error distributi
< — y (3.5) and equailty of error distributions.
ar \ (E(f(@) — f(g5)))?

CV(p; —pf) =

= CV(pl - pf) (just work backwards)

Last we show that (3.5) implies a lower error rate for a two class problem. To do this we
first show that (3.5) implies Pr(argmaxp; = argmaxg;) > Pr(argmaxp! = arg max g;)
and then note that for a two class problem this guarantees a lower error rate. It seems

likely that even if £ > 2 this condition will also cause a lower error rate.

Assume WLOG that argmaxq; = 1

Pr(arg max p; = arg max ¢;)
= Pr(p{ >p3,....p{ >1})
r(pt —p3 > 0,...,p7 —pj > 0)
(
(e

= P
= Pr(as(f ( D) = F(@) +os(ef — ) >0, as(f(a) = f(ar) +os(ef — ) > 0)
= Pre @) = Fl@)), 5o = > =(fla) = fla) )
= Pr(e - eéf > (@) = f@) e = e > () = fla)?)
(because €' and €” have identical distributions)
> Pr(e] —f > ~(fla) = f@) 5o el > —(f(0) = fla)TT)

(provided (3.5) holds)

= Pr(argmaxp; = argmaxg;) (just work backwards)
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