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Abstract

Classification problems involving a categorical class label ¥ and a functional predictor X (7)
are becoming increasingly common. Since X (7) is infinite dimensional, some form of dimen-
sion reduction is essential in these problems. Conventional dimension reduction techniques for
functional data usually suffer from one or both of the following problems. First, they do not
take the categorical response into consideration, and second, the resulting reduced subspace
may have a complicated relationship with the original functional data. In this paper we pro-
pose a dimension reduction method, ‘“Functional Adaptive Classification” (FAC), specifically
designed for functional classification problems. FAC uses certain complexity constraints to en-
sure that the reduced subspace has an easily interpretable relationship to the original functional
predictor. Extensive simulation studies and an fMRI (functional Magnetic Resonance Imag-
ing) study show that FAC is extremely competitive in comparison to other potential approaches
in terms of both classification accuracy and model interpretability.

KEY WORDS: Functional data; Classification; Dimension reduction; Stochastic search; Variable
selection.

1 Introduction

Functional data analysis (FDA) deals with curves, or functions in general. The FDA approach [1]
treats the entire function as the unit of observation, as opposed to traditional multivariate anal-
ysis which works with a vector of measurements. Dimension reduction is an important issue in
the FDA literature because functional data intrinsically are infinite dimensional. There has been
a great deal of research devoted to dimension reduction in high-dimensional multivariate data.
Current multivariate methods generally can be categorized into three major categories: variable
selection which selects a subset of important variables (e.g., the Lasso [2, 3], SCAD [4], nearest
shrunken centroids [5], the Elastic Net [6], Dantzig selector [7], VISA [8] and FLASH [9]), vari-
able combination which forms linear transformations of the variables (e.g., principal component
analysis [10], partial least squares regression [11], and multidimensional scaling [12]), and some
combination of variable selection and variable combination (e.g., MASS [13]).
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Dimension reduction in functional data has focused mainly on regression type problems [see,
for example 14, 15, 16, 17, 18, 19, 20]. Relatively few papers have been written on the topic of
dimension reduction for functional classification problems, even though it is as important as its re-
gression counterpart. Dimension reduction methods for functional classification problems include
generalized singular value decomposition [21], linear discriminant analysis [22], the generalized
linear model [23], nonparametric methods [24, 25], a factorial method of testing various sets of
curves [26], and methods based on data depth [27, 28, 29].

This paper considers dimension reduction for the functional classification problem associated
with a categorical response, Y, and a functional predictor, X (¢). In practice X () can be expressed
as a n-by-m matrix indicating n observed functions measured at m discrete time points. Let X;(7)
denote the ith observed function and Y; its corresponding categorical outcome. For the sake of
notational simplicity, we drop the subscript i where the meaning is clear. We express a linear
dimension reduction for the functional predictor as,

Zj=/X(t)fj(t)dt, j=1,...,p, 1)

where Z; is the jth dimension of the p-dimensional reduced subspace, Z, and f;(¢) is the jth
transformation function. Equation (1) transforms the original functional predictor to a lower-
dimensional multivariate subspace through the p transformation functions, fi,..., f,.

The two most common ways to estimate the f;(¢)’s are via functional principal component
analysis (FPCA) [21, 24, 23] and basis representation [22] (also known as the filtering method).
As with standard PCA, FPCA generates a set of orthogonal functions such that f; explains the most
variance in X (¢), f> explains the next most variance subject to an orthogonality constraint, etc. The
filtering method uses the coefficients of a basis function instead of the original measurements.
The f;’s then become some linear combination of the basis functions. Both approaches are fairly
easy to implement. However, they have two distinct disadvantages. First, they are unsupervised
methods, so do not utilize the response, Y, to solve for f j(t). As a consequence, they become
less satisfactory when the goal is classification. Second, the generated f;’s are usually complex
functions, making it harder to interpret the relationship between the original functional space, X (¢),
and the reduced subspace, Z.

In this paper we propose a novel approach, “Functional Adaptive Classification” (FAC). Our
method adaptively searches for optimal f;(¢)’s in terms of classification accuracy, while restricting
the f;(¢)’s to take only simple forms e.g. piecewise constant or linear functions; therefore, ensuring
an interpretable relationship between X (¢) and Z. FAC has two nice properties. First, it implements
a supervised dimension reduction by considering the group labels while selecting the f;()’s. As
a result, it tends to achieve superior classification accuracy to that of unsupervised methods. Sec-
ond, FAC guarantees a simple relationship between X (¢) and Z which makes the model more
interpretable without sacrificing classification accuracy. We concentrate on the two-class problem,
where Y = {0, 1}, because this is the most common situation in many research areas. However,
FAC could easily be extended to multi-class problems. We will discuss this problem in Section 4.

The rest of the paper is organized as follows: Section 2 introduces the general scheme of the
FAC method and its implementation details. Simulation studies and a real world fMRI study are
used to examine the performance of FAC in Section 3. Finally, a brief summary is given in Section
4 to conclude the paper.



2 Methodology

Given the infinite dimensional nature of functional data, a functional classification method will
generally consist of two steps. The first step is some form of dimension reduction while the sec-
ond step involves making a final classification based on the lower dimensional data. There has
been considerable work performed previously on classification methods for low dimensional data.
Hence, our focus here is on the first, dimension reduction, step.

We model the relationship between the categorical response variable, Y, and the functional
predictor, X (¢), as independent conditional on the low dimensional representation, Z, i.e.

Y|(X(t), Z)~Y|Z,
Z—/X )fit)dt, j=1,....p 2)

where Z = [Z;,...,Z,] is a p-dimensional subspace. Equation (2) suggests that, provided that
F ={fi,..., fp) is well chosen, there should be no loss in accuracy when utilizing Z instead of X (r)
for classification. Then the problem is to find a good F so that the classification accuracy using
Z is as high as possible subject to a simple relationship between X () and the reduced subspace.
Such a simple relationship makes it easy to evaluate the effect of X (¢) on ¥ by examining the effect
ofZonY.

We formulate the problem as follows:

F = argming Exyle(#F(X),Y)], 3)
subject to y(F) < A.

where .ZF is a pre-selected classification model applied to the lower-dimensional data and e is a
loss function resulting from .#F. In this paper we examine four common choices for .#F: logistic
regression (LR), k-nearest neighbors (kNN), random forests (RF), and support vector machines
(SVM). There are many options for e, such as misclassification rate (MCR), Gini index, and en-
tropy. In this paper we use MCR as the loss function i.e. the F is chosen to minimize MCR. The
Y(F) represents the complexity level of F and A is a tuning parameter representing the degree of
complexity. The constraint guarantees that /' has an appropriately simple structure. Intuitively,
linear functions are simpler than nonlinear functions. In this paper we restrict y(F') to be have cer-
tain piecewise constant or linear structures. More details on the structure of the f;’s are provided
in Section 2.1. Hence Equation (3) corresponds to choosing a set of functions, f;(t), with appro-
priately simple structure, such as to minimize the test error rate on e when using a given classifier,

AMF.

2.1 Constructing f;(z)’s

For interpretation purposes we wish to generate f;(¢)’s with simple structures. Two of the simplest
and most interpretable examples are piecewise constant and piecewise linear functions. Therefore,



we generate each f;(¢) from one of the three forms:

1
Jab1(t) = ml(a <t<b), “4)
funalt) = Gy—illa <1 <), ®)
Fan(t) = f,f:;ll(a <1<b), ©)

where a and b are randomly generated numbers from %/ (0, 1) defining the length of the non-zero
regions. Each function is standardized to have an area under the curve of 1. The function f,, 1 (7)
is constant between a and b, fu;, () is a linear increasing function between a and b, and f, 3(¢)
is a linear decreasing function between a and b. At all other points the three functions are zero.
Figure 1 shows three example of the possible forms of f;(z).
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(a) Constant f (b) Linearly increasing f (c) Linearly decreasing f

Figure 1: Interpretable f;(z)’s.

Even though these functions all have simple and interpretable structures, we demonstrate in
Section 3 that when they are combined together they can approximate significantly more compli-
cated relationships between X (7) and Y. In particular when the response is modeled using a linear
classifier, such as logistic regression, then E(Y) = u can be represented as a function of a linear
combination of the Z;’s i.e. g(1t) = ZT B for some coefficient vector, 3, and link function, g. From
Equation (1) it is not hard to see that in this case g(it) = [ X (¢) f(¢)dt where

0 =Y. F08; ™
=1

Hence, while each f;(¢) provides a simple interpretation of the relationship between X (¢) and Z;, by
combining enough of these functions together we can model much more complicated relationships
between X (7) and Y. When a non-linear classifier is applied to Z then the relationship between
X(t) and Y can not be summarized using a single function, f(¢), but the f;()’s still provide a
simple representation of each important dimension.



2.2 Stochastic Search Procedure

Even after specifying the simple functional forms for f; given by (4) through (6) equation (3) is still
difficult to solve analytically. Stochastic search is one of the most widely used tools for solving
these difficult nonlinear optimization problems. [13] proposed a stochastic search algorithm to
search for an optimal transformation matrix in a multivariate setting. In this paper we generalize
the stochastic search approach to the functional setting.

We first give a heuristic overview of FAC. The FAC algorithm starts with an initial F. At
each iteration, FAC randomly generates a set of L different candidate functions, F* (described in
Section 2.1). The candidate functions induce the candidate subspace, Z*, via Equation (1). Our
goal is to identify, and keep, the “good” functions and remove the others from consideration. This
is achieved by using a variable selection method to choose the set of variables from Z* which
best predict Y. The f;(¢)’s corresponding to the selected Z; are then placed in an “historical”
pool, F,. In the next iteration, FAC generates new f;(¢)’s and joins them with F;, to form a new
set of candidate functions, F*, and the algorithm continues as previously described. Note that,
if they are useful transformations, previously selected f;j(f)’s should be selected multiple times.
This procedure iterates until the selected subset of f;(¢)’s is within a given tolerance level of the
previous F.

One would expect the most useful f;’s to be selected multiple times as FAC iterates. Hence we
compute an importance weight for each function included in the historical pool, F;,

B # times f(¢) is selected
~ # iterations since f;(¢) was first generated”

®)

Wij

Hence, w; measures the fraction of iterations in which our variable selection method included
fj(z) in the model, since f;(t) was first generated. The w;’s provide a useful measure of the most
important dimensions for predicting Y. Using Equation (8), newer f;(f)’s automatically obtain
higher weights. In particular, the weight for the newest f;(z) is always 1.

If different functions are selected at each FAC iteration, F;, could potentially grow large, re-
sulting in an ultra large pool of candidate functions. This can increase the computational cost and
decrease the accuracy of the variable selection method. Therefore, we restrict the size of Fj, to be
no more than 4L where 0 < i < 1. If F;, grows larger than this bound, we exclude the f;()’s with
lowest importance weights, w;, i.e. those functions that have been selected few times in the pre-
vious iterations. This approach works well because the solution can be unstable at the beginning
of the search so FAC may select many less satisfactory f;(z)’s, but as better f;(¢)’s are generated
FAC starts to select the “good” functions in preference to the less satisfactory ones.

A more detailed overview of the FAC algorithm is presented as follows:

Step 1: Randomly generate L candidate functions F*(0) = [f (Z)T(O) f (t)z(o), v f (t)z(o) ] with the

structure described in Section 2.1. Obtain the corresponding L-dimensional subspace Z*(¥)
using Equation (1).

Step 2: In the /th iteration, fit a variable selection model ¥ ~ Z+() and select the “best” p(!)
columns from Z*() based on some model fitting criterion. We denote these p) columns as
Z). Add the corresponding p!) functions in F*() to the historical pool, F,.

Step 3: Compute the importance weight, w;, for each selected element of Fj,.
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Step 4: If size(F;,) > hL, exclude the size(Fj,) — hL elements corresponding to the lowest w;’s.
Step 5: If convergence?

YES: Stop and output F(+1)

NO: Generate L — size(Fj,) new f;(t)’s and join them together with Fj, to form a new can-

didate set, F*(*1)_ Then repeat Steps 2 to 5 until (I+1) is within a given tolerance of
FO,

Since Step 2 only involves a standard L dimensional classification problem many standard
variable selection techniques, such as the Lasso, SCAD, the Elastic Net, VISA, or FLASH, could
be applied. Since the variable selection procedure involves a categorical response variable, Y, we
implement FAC using a generalized version of the elastic net method, GLMNET [30], in a logistic
regression framework to select the “best” dimensions in terms of their predictive power. GLMNET
allows users to specify the mixing parameter between the L and L, penalties used by the elastic
net. We chose to set the weight on the L, penalty to zero which implements the Lasso version of
GLMNET and obtains the minimum dimension size; making Z more interpretable. Note that there
may be some situations where a slightly larger size of F' would produce more accurate results. In
this situation one could adjust the mixing penalty parameter to place more weight on the L, penalty.
In this way, the number of selected f;(¢)’s and the accuracy might increase, with a corresponding
decrease in interpretability. We leave this possible extension for future investigation.

In Step 5, we consider the algorithm has converged if the Frobenius norm of the relative
difference between the current subspace and the subspace from the previous iteration is smaller
than a pre-specified threshold value. In our implementation, we declare convergence when ||Z; —
Z; 1||r/||Z:||F < 107, Based on our empirical studies, usually only a few iterations are needed to
reach convergence.

Once FAC selects a final set, F', one must apply a classification method to the resulting p
dimensional data. Many methods have been shown to work well on lower-dimensional data. In
our simulation studies and the fMRI application we examine results from LR, kNN, RF, and SVM.

2.3 Tuning parameters

The FAC algorithm involves three tuning parameters; the candidate pool size, L, the maximum
size of the historical pool, L x h, and the number of dimensions in the reduced subspace, p;. The
computational cost increases roughly linearly with L so may be high when L is large. In addition,
the high dimension of the candidate set may cause GLMNET to fail to correctly select the “best”
set of f;(¢)’s. If L is too small then it may not be possible to select enough f;(¢)’s to adequately
model f(¢). As a consequence classification accuracy would decline.

If A is too close to 1 then the candidate and historical pools will be similar. As a result few new
fj(t)’s will be randomly generated and the algorithm could become stuck in a sub-optimal solution.
Alternatively, if 4 is too small then potentially useful f;(¢)’s may be dropped from the historical
pool, reducing the quality of the fit. Based on our empirical experiments on simulated and real-
world applications we recommend using L = 60% min{n,m} and h = 0.8L, where m represents the
number of points, ¢, that X (¢) is observed over. However, our sensitivity analysis in Section 3.1.4
suggests that the results are relatively insensitive to any reasonable choices for L and h.



The number of functions selected by GLMNET at each iteration, p(l), varies over iterations.
However, p\!) is automatically selected by GLMNET, based on minimizing the 10-fold cross-
validated error rate. Specifically, we divide the data into 10 approximately equal parts, leave out
one part each time for validation, and use the remaining parts for fitting a GLMNET model. On
each of the ten fits the value for p(l) is chosen to minimize the error on the validation set, resulting
in ten optimal values for p\!). We take the average of these values to obtain the final choice for p0.

2.4 Convergence

Empirically we have found that as the search procedure iterates FAC generally converges fairly
rapidly to a set of f;(¢)’s which give good classification accuracy. Only a few iterations are usually
needed. Here we provide some theoretical motivation for the convergence of FAC.

[13] discussed conditions for convergence of the MASS approach given that an appropriate
variable selection method is chosen. Although these theoretical justifications are developed in the
multivariate space, they can be extend to FAC, with the added assumption that the true f;(¢)’s in
Equation (1) can be modeled using our simple structures given by, for example, Equation (4) or
(5).

Suppose a variable selection method must choose among Z,...,Z; potential variables. Let
Z, € R"™P represent the p-dimensional set of true variables. Note Z is not necessarily a subset of
Z1,...,Zy. Define Z,, € R"*? as the p variables among Zi,...,Z; that minimize ||Z, — Zo||* for a
sample of size n. Then we assume that the variable selection method chosen for FAC satisfies the
following assumption:

(A1) There exists some € > 0 such that, provided
1, -
112 = Zo|* <&, ©)

then Z, is chosen by the variable selection method almost surely as 7 — oo.

Assumption (A1) is relatively mild because it essentially states that, provided our variable
selection method is presented with a set of predictors which are arbitrarily close to the “true”
predictors, then as n — oo, it will select the correct set of variables. Under (A1), and the assumption
that the fj(¢)’s can be correctly modeled using our simple structures, Theorem 1 below provides
some theoretical justification for the FAC method.

Theorem 1 Let Z,(f) represent the p variables selected by FAC after performing I iterations on a
sample of size n. Then under the linear subspace model given by (1) and (2), provided a variable
selection method is chosen such that (Al) holds, as n and I approach infinity,

-
“ZP —Zo)P >0 as.
n

The proof of this result is similar to that given in [13] and hence is omitted here.

3 Applications

In this section, we demonstrate the advantages of FAC in extensive simulation studies and an fMRI
time course study.



3.1 Simulation Study 1
3.1.1 Data generation

In each simulation scenario we first generated n = 100 predictor functions X () = b(¢)7 0, where
b(z) is a g-dimensional natural cubic spline basis and the coefficient vectors, 6, were sampled
from the standard normal distribution. Each function was sampled at m = 50 evenly spaced points
in T' = [0, 1]. At each time point we added a random measurement error. We considered four
simulation settings, corresponding to two different basis dimensions, ¢ = 3 and ¢ = 10, and linear
versus non-linear relationships between the response and the predictor. When ¢ = 3, the natural
cubic spline is a simple curve. In contrast, when g = 10, the natural cubic spline has 7 knots, and
is more complex with many wiggles and jumps. The reason we chose these two values for ¢ is that
we want to examine the degree to which the shape of X (¢) affects the estimation accuracy of the
f’s.

In the linear setting, the response, Y, was generated from a standard logistic regression model,

/X O fo(0)dt
Pr(Y =1X() = T xwmma

(10)

where f(¢) had the same basis as X(¢), i.e. fo(t) = b(¢)" B, and the coefficient vector, 3, was
randomly sampled for each training data set. In the nonlinear setting, ¥ was generated from a
nonlinear logistic regression model,

e¢(Zlv"'7Zq)

PrY = 1X() = 57

(1D
where ¢ () was a non-linear, non-additive function, Z; = [ X () fj o(t)dt, fjo(t) =b" (¢)B;, and the
B,’s were randomly sampled for each training data set. Note that in both the linear and nonlinear
settings the responses were generated using fj(¢)’s that had a different structure from that used
by FAC. This corresponded to a harder real world setting where the true relationship structure is
unknown.

3.1.2 Counterpart methods

The most commonly applied approach to functional classification problems is the filtering method,
also called feature extraction in the engineering domain. Filtering methods work by modeling the
predictor as being generated from a predefined p-dimensional basis i.e. X(¢) = b(z)7 8. One then
uses the observed values of X (¢) to form a least squares estimate for 6 and treats the estimated 6
as the observed predictor. Since, in our simulation study, X () is generated from a basis function
and the response is simply a function of the basis coefficients our setup is perfectly set up for the
filtering approach.

Hence, we compare the accuracy of FAC against three different implementations of the filtering
method.

1. True theta: The ideal classification model would use the true coefficient vector, 6, used to
generate X (¢). This method represents a gold-standard that could not be achieved in practice
because 0 is unobserved. However it provides a useful benchmark to compare other methods
against.



2. Estimated theta from b(t): The next best classifier would use the least squares estimate
6 = (B"B)~'BTX where B is an m by g matrix with each row corresponding to the true
basis, b(t), evaluated at each of the m time points that X(z) is observed at. This classifier
could not be used in practice because b(¢) is unknown but again provides a benchmark to
compare with.

3. Estimated theta from a different basis: A real world implementation of the filtering method
requires the choice of a basis. In this setting one would use the least squares estimate 6 =
(®T @)~ '®TX where ® is an m by p matrix based on the chosen basis function. ® will
almost certainly be different from B. In this study, we used a 5-dimensional Fourier basis
to form ®. This basis is often applied in practice, so 6 can be considered as a realistic
competitor to FAC.

We also compare FAC with a functional classification method based on data depth (DD) [29].
By using the depth values to represent the data, this method transforms the functional data to a
2-dimensional scatter plot, called the depth vs depth plot (DD-plot). Given the two data sets, the
DD-plot is the plot of the depth values of each point from the combined set, relative to the contours
of set 1 and relative to the contours of set 2. If both data sets are from the same distribution, we
would expect to see a 45 degree line. Changes in the relationship between the two distributions will
result in changes in the DD-plot. It has been shown that different distributional differences, such
as location, scale, skewness or kurtosis differences, are associated with different graphic patterns
in the DD-plot [31]. Therefore, one can find a separating curve to separate the two groups in the
DD-plot. The nonparametric separating curve is obtained by minimizing the classification error in
the DD-plot. As many measures of depth can be applied, we use the random Tukey depth [32] in
our study.

3.1.3 Results

For each of our four simulation settings we implemented FAC and the filtering methods using four
different classifiers: logistic regression (LR), k-nearest neighbors (kNN) with k = 5, random forests
(RF) with 2000 trees, and support vector machines (SVM) with a radial basis. One would presume
that, LR would perform best in the linear setting, while the other classifiers would be superior in
the nonlinear cases. For each setting we generated 20 training and test data sets respectively. Each
test set consisted of 1000 observations. We report the average misclassification rate (MCR) and
standard errors over the 20 test sets.

In addition to the three filtering methods, 6, é, and 0, and DD we also compared FAC to the
“X (t)” classifier resulting from using all m = 50 time points of each function as the predictors. The
classification results are shown in Table 1. The number in each cell is the average test error over
the 20 test sets, and the number in the parenthesis is the associated standard error. We also list the
Bayes rate as a reference. The Bayes rate gives a statistical lower bound on the test error achievable
for a given classification problem and the associated choice of features [33]. This rate is greater
than zero whenever the class distributions overlap. When all class priors and class-conditional
likelihoods are completely known, one can, in theory, obtain the Bayes error directly [34]. Since
this is a simulated study, we are able to compute the Bayes rate.

In the linear setting, the X (f) method performed worst because it ignored the functional form of
the predictor i.e. the classifier it used was for multidimensional rather than functional data. There-
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Table 1: Simulation 1: Average test errors. Numbers in parentheses correspond to standard errors.

Bayes X(t) 0 0 0 FAC DD
LR 0.311(0.009) 0.139(0.003) 0.192(0.004) 0.293(0.010) 0.181(0.008)
"I? kNN | 0.099 0.269(0.008) 0.223(0.004) 0.245(0.007) 0.467(0.009) 0.259(0.010) 0.242
_ | | RF (0.002) 0.229(0.009) 0.209(0.004) 0.226(0.005) 0.387(0.014) 0.254(0.012) (0.007)
§ SVM 0.247(0.009)  0.202(0.003) 0.210(0.004) 0.328(0.015) 0.229(0.013)
A
- LR 0.314(0.012) 0.130(0.004) 0.191(0.004) 0.307(0.012) 0.184(0.008)
— | KNN | 0.101 0.324(0.013) 0.201(0.004) 0.294(0.004) 0.380(0.013) 0.232(0.009) 0.224
L RF (0.003) 0.287(0.012) 0.190(0.005) 0.254(0.005) 0.373(0.016) 0.206(0.010) (0.008)
SVM 0.270(0.013)  0.185(0.005) 0.247(0.004) 0.342(0.015) 0.190(0.009)
LR 0.393(0.010) 0.282(0.006) 0.300(0.006) 0.320(0.007) 0.297(0.007)
T" kNN | 0.133  0.308(0.010) 0.220(0.005) 0.230(0.005) 0.236(0.006) 0.229(0.006) 0.208
5| | RF (0.002) 0.266(0.009) 0.187(0.005) 0.212(0.005) 0.233(0.006) 0.218(0.005) (0.007)
E SVM 0.224(0.007) 0.186(0.004) 0.208(0.004) 0.224(0.005) 0.188(0.005)
=
S
Z LR 0.410(0.012)  0.269(0.008) 0.380(0.010) 0.392(0.015) 0.303(0.009)
= | kNN | 0.111 0.343(0.009) 0.237(0.005) 0.287(0.009) 0.394(0.017) 0.274(0.008) 0.309
g RF (0.002) 0.299(0.010) 0.205(0.004) 0.249(0.009) 0.389(0.014) 0.233(0.008) (0.006)
SVM 0.270(0.008)  0.200(0.003)  0.246(0.005) 0.387(0.010) 0.211(0.006)

fore, ignoring the functional form of the input severely harms predictive power. As expected, 8 and
0 generally produced high levels of accuracy, but these two methods can not be used in practice.
FAC was quite a bit superior to 6. Interestingly, FAC had comparable, or even slightly superior,
performance relative to 6 and only performed slightly worse than 8. DD generally performed bet-
ter that 0, but slightly worse than FAC and 6. In the linear setting, LR is the best classifier, and
the upper two plots in Figure 2 show box plots of the test errors for the different methods using LR
which was generally the best classifier in this case.

For the linear cases we illustrate the average FAC test error rate over the 20 simulation runs,
for each of the four classifiers, as a function of the number of iterations, in the upper two plots in
Figure 3. Note that these plots are generated purely to demonstrate the empirical convergence rate
of FAC, since there is no need to perform model testing at every iteration in real-world applications.
Not surprisingly, the nonlinear classifiers could not compete with LR in the linear setting. In our
studies, we used 50 iterations, but the algorithm converges rapidly. After fewer than 10 iterations
the test MCR started to level off, indicating a “good” reduced space had been found.

Figure 4 plots the true transformation function, fo(¢) and its estimate, f(¢), computed from
equation (7), for iterations 4,8,12,16 and 20 of the FAC algorithm from one simulation run, re-
spectively for ¢ = 3 and g = 10. Even though fj() does not match the structure assumed by FAC,
the final estimate is surprisingly accurate, even for the more complicated function where g = 10.

Figure 5 plots the relative “importance” weight, w;, for each f ;(¢), after the first 20 iterations
in the ¢ = 3 and g = 10 settings. These plots are both from one simulation run. FAC selected 5 and
23 functions for the two cases, respectively, with many of the functions chosen multiple times.

In the nonlinear setting, SVM generally gave the best predictions so we provide the MCRs
using this classifier for the box plots in the bottom two plots of Figure 2. In both scenarios, FAC
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Figure 2: Box plots of the test MCR for Simulation 1. The results were produced using the LR and
SVM classifiers respectively in the linear and nonlinear cases.
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Figure 3: Average test MCR as a function of the number of iterations for the linear and nonlinear
simulations.
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Figure 4: Plots of f (t) (red lines) at Iterations 4, 8, 12, 16, and 20 of FAC from a single run in the
linear setting. The black lines are the true f.

performed slightly better than 6 and significantly better than 8. The performance of FAC was close
to 6. In these cases O was even worse than using X (¢) directly, suggesting that the filtering method
may be more sensitive to the choice of basis in the nonlinear setting. The relative performance of
LR decreased significantly due to the nonlinear relationship between Y and Z. We also illustrate
the test MCR of FAC as a function of the number of iterations in the bottom two plots of Figure
3. As with the linear situation, fewer than 10 iterations are required to achieve good classification
accuracy.

3.1.4 Sensitivity Analysis

In this section we further explore the effects of the two major tuning parameters: the size of the
candidate pool, L, and the size of the historical pool, A, using the same simulation settings as the
two linear cases described in the previous section.

We chose L from (0.4m, 0.6m, m, 2m, 4m), and h from (0.2, 0.5, 0.8, 0.9). Since m = 50 this
implied that L = (20, 30, 50, 100, 200). We generated 20 training and test data sets and computed
the average test MCR for the 5 x 4 = 20 possible combinations of 4 and L. We plot the test MCR
as a function of L with different 4 values when ¢ = 3 in Figure 6 (a) and the computational cost in
terms of the CPU time as a function of L in 6 (b). The figures are quite similar when ¢ = 10 and
so are omitted here.

In general FAC performed well as long as L and & were not too small, with some deterioration
when & = 0.2 or when L = 20. Overall, FAC was fairly stable to the choice of tuning parameters
with the best results for higher values of 4 (0.8 and 0.9) and moderate values for L, such as 0.6m <
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Figure 5: Importance weights for f ;(¢)’s from a single run.

L<m.

Increasing L will increase the computational cost so we also investigated the CPU time for
different values of L. Our results showed that the CPU time increased linearly with L. Therefore,
we recommend using L = 0.6m and h = 0.8.

3.2 Simulation Study 2

In this section, we simulated an ultra-high dimensional X () with 1000 time points. As with Simu-
lation 1, the training and test sets contained 100 and 1000 functions, respectively. Instead of using
splines as the bases to generate X (¢) and fy(¢), we used Fourier bases with ¢ =3 and g = 11. We
also examined the linear and nonlinear cases as with Simulation 1.

In this study, the number of time points is set to m = 1000. The comparison methods were X (¢),
6, 0, 6, and DD. The wrong basis  was chosen to be a B-spline with degrees of freedom 5. The
average misclassification errors over 20 simulation runs in linear and nonlinear settings are listed
in Table 2. As can be seen, FAC performed reasonably well. It was only slightly worse than the
unrealistic 8. It was as good as the unrealistic 0 in many scenarios. Figure 7 shows the estimated
functions for the linear cases. FAC was still able to provide an accurate reconstruction of the shape
of the true function.

3.3 Simulation Study 3

In this section, we simulated a scenario where fy(f) was generated jointly from natural cubic
splines and Fourier bases. The true fy(¢) contained three pieces. The first and the third pieces of
fo(t) were generated from Fourier bases with 3 bases and the middle piece was generated from a
natural cubic spline with degrees of freedom 3. The three functions did not smoothly join together.
The X (¢) was generated from a B-spline with 5 degrees of freedom. Since the true basis of this
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Figure 6: Tuning parameters and computational cost in Simulation 1, linear, g = 3.

scenario is unknown, only three comparison methods, X (), 6 and DD, are available. We chose
a natural cubic spline with 5 degrees of freedom to generate 6. The results are provided in Table
3. FAC dominated the other methods. Figure 8 shows the true and estimated curves from a single
run of FAC and the importance weights from selected f (¢)’s from the same simulation run. FAC
provides a reasonable reconstruction of the general shape of the curve but misses some information
in the middle piece. Fourteen functions were selected from this simulation run.

3.4 fMRI time course study

In this section, we examine the performance of FAC on a functional Magnetic Resonance Imaging
(fMRI) visual cortex study. fMRI is a neuroimaing technique that measures brain activity by
detecting associated changes in blood flow [35]. fMRI is based on the increase in blood flow to the
local vasculature that accompanies neural activity in the brain. This results in a corresponding local
reduction in deoxyhemoglobin because the increase in blood flow occurs without an increase of
similar magnitude in oxygen extraction. The fMRI data are a set of time series of image volumes.
The brain is divided into a 3-dimensional grid of small voxels (usually about 1 x 1 X 1 mm to
3 x 3 x 3 mm in size). The Blood Oxygenation Level-Dependent (BOLD) response is recorded for
each voxel during a certain task.

The fMRI data we used in this section are from the imaging center at the University of South-
ern California. They were obtained from a single male subject participating in a visual experiment.
There are five subareas in the visual cortex of the brain; the primary visual cortex (striate cortex or
V1) and the extrastriate visual cortical areas (V2, V3, V4, and V5). Among them, V1 is specialized
for mapping the spatial information in vision, that is, processing information about static and mov-
ing objects. V2-V5 are used to distinguish fine details of the objects. Identifying these subareas
of the visual cortex can help researchers understand the visual process. However, some subareas
have ambiguous boundaries, so distinguishing these subareas accurately has become an important
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Table 2: Simulation 2: Average test errors. Numbers in parentheses correspond to standard errors.

Bayes X(t) 0 0 0 FAC DD
LR 0.451(0.003) 0.140(0.005) 0.147(0.005) 0.285(0.009) 0.152(0.008)
"I? kNN | 0.110  0.398(0.008) 0.179(0.004) 0.189(0.006) 0.350(0.012) 0.239(0.009) 0.325
_ | | RF (0.003) 0.386(0.007) 0.138(0.003) 0.167(0.004) 0.359(0.012) 0.228(0.010) (0.009)
§ SVM 0.389(0.009) 0.141(0.004) 0.165(0.004) 0.306(0.013) 0.164(0.009)
A
_|LR 0.465(0.003) 0.112(0.004) 0.124(0.005) 0.259(0.011) 0.118(0.005)
— | kNN | 0.112  0.392(0.010) 0.259(0.007) 0.318(0.005) 0.385(0.012) 0.291(0.009) 0.358
L RF (0.003) 0.299(0.010)  0.200(0.005) 0.229(0.006) 0.319(0.013) 0.233(0.010) (0.010)
SVM 0.317(0.011)  0.180(0.006) 0.264(0.006) 0.329(0.013) 0.206(0.009)
LR 0.479(0.003) 0.312(0.007) 0.383(0.007) 0.412(0.004) 0.357(0.008)
T" kNN | 0.121  0.313(0.010) 0.217(0.006) 0.324(0.006) 0.392(0.007) 0.243(0.007) 0.345
5| | RF (0.003) 0.256(0.008) 0.194(0.005) 0.288(0.004) 0.358(0.007) 0.214(0.008) (0.009)
E SVM 0.233(0.007) 0.201(0.005) 0.297(0.005) 0.377(0.007) 0.217(0.008)
=
S
Z _ |LR 0.453(0.003) 0.298(0.008) 0.346(0.010) 0.397(0.015) 0.312(0.009)
— | kNN | 0.116  0.373(0.009) 0.241(0.005) 0.367(0.009) 0.337(0.017) 0.256(0.008) 0.329
g RF (0.003) 0.365(0.010) 0.205(0.004) 0.287(0.009) 0.329(0.017) 0.236(0.012) (0.010)
SVM 0.331(0.008)  0.201(0.005) 0.296(0.006) 0.322(0.010) 0.231(0.009)

issue. A commonly used method is to roughly identify the location and shape of an area based on
clinical experience, and then draw the boundaries by hand. This method is very inaccurate and a
more systematic method is needed. It is known that V1-V5 react differently to visual stimuli. That
is, when a patient is conducting a visual task, the observed brain waves (functions) from voxels in
V1 are different from those of V2-V5. Hence, based on the observed brain waves for a particular
voxel over time it is possible to classify the voxel as V1 or not V1.

In this study, a patient was asked to conduct a visual task that included 4 trials with each
lasting 101 seconds. There were resting periods before and after each trial. His BOLD response
was measured every second, at each of 11,838 voxels in the brain. In other words, there was a
BOLD amplitude function over time for each voxel, X;(¢), where i refers to the ith voxel. We
were interested in identifying the visual cortex, particularly which voxels corresponded to the V1
and the V3 subareas. The BOLD response function, X;(¢), for a voxel in V1 should be different
from a corresponding curve in V3. We take these two subareas because they are well-defined and
the boundary between them is relatively clear based on empirical studies. Consequently we are
almost certain of the correct group label for each function, i.e., the ¥; for eachi =1,...,n, is clear.
Therefore, it is a good example to evaluate the proposed method relative to conventional methods.

Since the single trial fMRI time courses are notoriously noisy, the MCR on different trials are
quite variable. Based on our experiment on this particular fMRI data, the MCR can range from
0.102 to 0.230 using FAC followed by LR. Therefore, we averaged the 4 trials to reduce noise [36]
and obtained time courses with 101 measurements. Hence X;(#) was measured over 100 discrete
time points while ¥; = {0, 1} indicated whether X;(z) belonged to V1 or V3. We first identified
unambiguous voxels for V1 and V3 based on anatomical structure of the brain. There were 2058
such voxels, hence 2058 functions, for the V1 area. Similarly, there were 4866 voxels for the
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Figure 7: True and estimated functions for the linear cases in Simulation 2. The black curve is the
true fo(r) and the red curve is the estimated f(t) from one simulation run.

Table 3: Simulation 3: Average test errors. Numbers in parentheses correspond to standard errors.

Bayes X(1) 6 FAC DD
LR 0.458(0.003) 0.410(0.004) 0.175(0.012)
. KNN 0.375(0.010)  0.368(0.009) 0.246(0.009)
Linear | pp = 1 0-10000.003) 5130.010) 0.327(0.009) 0.213(0.008) ->>70013)
SVM 0.368(0.010) 0.349(0.008) 0.208(0.009)
LR 0.437(0.003) 0.411(0.005) 0.295(0.009)
. KNN 0.392(0.009) 0.341(0.010) 0.343(0.011)
Nonlinear | o | 0-1080.004) 5250011y 0.352(0.009) 0.211(0.009) 0-3>>0010)
SVM 0.321(0.010)  0.326(0.009) 0.200(0.012)

V3 area. Since the time signals of neighboring voxels in the fMRI data are highly correlated
with each other methods assuming independent white noise errors can break down. Therefore, an
evenly-spaced sampling was conducted on each area to reduce the effect of correlations among
neighboring voxels. Finally, we obtained a sample of 1500 voxels (functions) for each area, i.e., a
total of 3000 functions. Within each area we further divided the functions into training (1000) and
test (500) data. Note that we chose our training and test data from the centers of the two regions
and the areas near the V1-V3 boundary, respectively. This is because the memberships are clearer
in the center rather than near the boundary so using central data to train our model should produce
more accurate results. Once the method is shown to be effective, it can be extended to data with
ambiguous boundaries more safely.

We compared FAC to X(¢), DD and the filtering method previously described, using three
different bases for X (¢): natural cubic splines (éNCS)a B-Splines (éBs) and Fourier basis (épourier).
Some preliminary examination of the counterpart methods, suggested that roughly 10-dimensional
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Figure 8: Simulation 3: (a) True and estimated functions for the linear case. The black curve is
the true fy(t) and the red curve is the estimated f(7) from one simulation run. (b) The importance

weights for the selected f jt’s from the same run.

bases produced the highest accuracy levels. For both FAC and the filtering methods, we used four
classifiers: LR, kNN, RF and SVM. Since FAC is based on a stochastic search we obtain slightly
different results for each run. To gain a better idea of the typical average error rate we ran FAC
10 times and computed the average test MCR and the standard error. The test MCR’s, displayed
in Table 4, show that FAC was significantly superior to all of the filtering methods, for each of the
four classifiers. It was also superior to the DD approach. The standard errors show that FAC is
reasonably stable over multiple runs on this data. Figure 9 (a) shows the estimated f (t) assuming
a linear relationship between the response and predictor while Figure 9 (b) plots the importance
weights for the individual f ;(¢)’s. FAC selected 23 transformation functions and formed a step-like
function. This transformation function can be interpreted as indicating that time points 20-40 of
X (¢) have an approximately constant effect on Z. Time points 40-50 of X (¢) also have a constant,
but significantly larger, effect on Z. The rest of X (¢) appears to have little or no effect on Z. Figure
10 plots the predicted V1 and V3 areas from FAC using the SVM classifier. The predicted mapping
matches up very closely to the mapping based on anatomical studies. Note that we do not have
an absolute “truth” in this study. The “true” group labels and the “true” maps are all based on
empirical and anatomical studies.

4 Conclusion

In this paper, we present a supervised dimension reduction method for functional data when class
labels are available. Based on a stochastic search procedure, the proposed method can find a
good reduced subspace for classification and improved classification accuracy. Our simulation and
fMRI studies show that FAC is competitive with “ideal” methods and often superior to real world
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Table 4: Test error rates and standard errors (in the parentheses) on the fMRI data for FAC and
three filtering methods.

LR kNN RF SVM
X(1) 0.398 0.371 0.256 0.221
Ones 0.345 0.258 0.244 0.237
[ 0.351 0.257 0.233 0.231
Orourier 0.310 0.218 0.203 0.199
FAC | 0.119(0.009) 0.100 (0.007) 0.095 (0.008) 0.080 (0.007)
DD 0.215

0 20 40 60 80 100 fi 2 f3 f4 5 f6 f7 f8 f9 fl0 f11 f12 f13

(@) f(r) (b) Importance weights

Figure 9: f (t) assuming linear relationship between the response and predictor and the importance
weights for individual f;(z).

approaches. Another advantage of FAC is that it can produce interpretable models by assigning
simple structures to the transformation functions. From our simulation and real-world studies,
FAC’s empirical convergence rate is fast suggesting that it would be feasible to apply it to ultra-
large data sets.

A number of possible extensions could be explored. First, in this study we concentrated on two
class problems but FAC could easily be generalized to multi-class situations. To enable such an ex-
tension, the variable selection model in Step 2 would need to be changed to a method that considers
multi-class memberships, such as the GLMNET in a framework of multinomial logistic regression.
All other steps would remain the same. Second, since FAC has a stochastic fitting procedure one
may obtain improved results from performing multiple fits, as we did for the fMRI data, and then
selecting the best fit in terms of training error. Finally, most classification methods implicitly or
explicitly assume that, conditional on group membership, the observations are independent. For
example, Assumption (A1) for FAC may seem less reasonable for highly correlated data. In the
case of the fMRI data the observations have a strong spatial correlation, which we remove by sub-
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Figure 10: Brain mapping of predicted V1 and V3 areas using FAC.

sampling the data. However, it would be desirable to directly incorporate this dependence structure
in the methodology. A recent paper [37] uses a Markov random field approach to cluster spatially
correlated functional data. This suggests a possible extension of the FAC methodology to directly
model spatial correlation structures in the classification setting.
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